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Abstract

The majority of the New Keynesian DSGE literature assumes that
the macroeconomic effects of monetary policy can be satisfactorily
described by an interest rate rule without addressing the details of the
money supply. We investigate whether this approach remains valid
in the presence of inside money created by the banking system. To
analyze this issue we present a framework based on the generalization
of the IS and LM curves to dynamic general equilibrium models. We
find that it is possible to implement a policy based on an interest rate
rule even in the presence of inside money, although it requires a more
complex toolkit of monetary policy implementation than it is assumed
in models with only outside money.
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1 Introduction

Over the past two decades, New Keynesian DSGE models have become the
main workhorse for macroeconomic analysis of monetary policy, consisting of
a generalized, dynamic IS curve, an interest rate rule representing monetary
policy, and a pricing block (often a Phillips curve), see for example Clar-
ida, Gali and Gertler (1999) and Gali (2015). Details of the money supply
mechanism do not usually appear explicitly in these models, as it is assumed
that the quantity of money does not provide additional relevant information
compared to the model blocks listed.

Central bankers, however, have never been fully convinced by the ap-
proach of academic researchers. Although they have not formally proved it,
they still believe that ignoring the mechanism of money creation can lead
to substantial errors in macroeconomic analysis. This doubt has intensified
since the financial crisis of 2007-2008. Their main argument is that because
the banking sector is also involved in money creation by supplying inside
money, the relationship between the outside money issued by the central
bank and the economy has become more indirect and complicated.

In contrast, the New Keynesian counter-argument can be intuitively sum-
marized as that no matter how complicated the relationship between outside
and inside money, the LM curve can always be “fitted” to the intersection
of the IS curve and the interest rate rule, so its role is redundant from a
macroeconomic point of view. In other words, the implementation of mone-
tary policy may be more complicated in the presence of inside money, but the
interest rate rule, the IS curve and the pricing block are still form a sufficient
toolkit for macroeconomic analysis.

Since the above debate is mainly based on conjectures and non-formal
partial analyses, the aim of our study is to create a simple formal macroe-
conomic model for examining whether the prevailing academic view that the
consequences of banks’ money creation are macroeconomically negligible can
be justified or, on the contrary, neglecting inside money leads to fundamen-
tally flawed results.

The starting point of our analysis is the observation that there are two
main functions in the modern banking system: financial intermediation and
the provision of transaction instruments for economic agents by issuing liquid
liabilities. Banks’ provision of transaction instruments is part of the money
creation process and therefore part of the LM curve, and as Woodford (2010)
showed, financial intermediation can be incorporated into the IS curve. In
the modern banking system, these two functions are mixed when long-term
loans are financed by liquid liabilities (deposits). Hence, a link is created
between the IS and the LM curve that is absent when only outside money



exists.! We show that in the case of inside money, for example, a monetary
easing results in an increase in investment not only because of falling interest
rates, but also because the growing stock of liquid deposits directly finances
more investment loans. That is, a monetary easing shifts not only the LM
but also the IS curve.

This observation is in strong contrast to the the standard New Keyne-
sian approach that monetary policy affects the IS curve only through the
nominal interest rate, and the information on the money supply is therefore
redundant, and the inside money is only significant to the extent that the
relationship between the outside money and the LM curve becomes more
complicated. In our paper, we investigate whether, despite the previous ar-
gument being flawed, the New Keynesian approach can still provide valid
macroeconomic analysis.

We examine the above issue in a simple general equilibrium model. The
central element of our model is the banking block based on Piazzesi and
Schneider (2018). The banking system provides investment loans, and its
liability side consists of long-term and liquid deposits of households. Liquid
deposits fulfill the function of a transaction instrument, i.e., money. An
individual bank has an incentive to use as many liquid deposits as possible
to fund investment loans, as they are cheaper.

At the same time, there is a risk associated with holding liquid deposits,
since when a buyer withdraws his deposit from his bank during a transaction
and it is transferred to the seller’s bank at the end of the transaction, the
movement of deposits must be accompanied by the movement of central bank
reserves. Due to the resulting liquidity risk, banks are forced to cover part
of their liquid deposits with central bank reserves. In the model, the money
multiplier, i.e., the ratio of total money stock and central bank reserves, is
the result of optimal liquidity management of banks.? Liquidity and lending
decisions, i.e., the provision of transaction instruments and financial inter-
mediation are interrelated in the banking system of the model, which creates
a new, additional relationship between the IS and LM blocks.

In the above framework, it is not trivial whether the New Keynesian
approach remains valid, which is based on the assumption that when a shock
shifts the IS curve, it is “only” a monetary policy implementation issue to
shift the LM curve to the new intersection of the IS curve and the interest rate

I As well known, if the money term in the utility function of households is non-separable
then the IS and LM curves are also related. What we want to show is that even the
separable utility function is not sufficient for the independence of the IS and LM curves
in the presence of inside money.

2The way we model the banking system is in line with the view of central bankers, see
Maclay, Radia, and Thomas (2014) from the Bank of England.



rule. However, as discussed, shifting the LM curve changes the position of
the IS curve, too, thus, the size of the money supply is not merely redundant
information.

At the same time, if the banking system is also involved in money creation,
the central bank has other instruments at its disposal besides the stock of
outside money: it can control the interest rate on central bank reserves and
it can influence liquidity in the interbank market. We show that with these
tools the central bank can not only shift the IS curve, but also influence its
slope. As a consequence, it can compensate for the shift in the IS curve
caused by the change in the money stock.

The implication of the above is that it is possible to implement a policy
based on an interest rate rule and the IS curve even in the presence of inside
money, however, it requires a more complex and sophisticated toolkit of
monetary policy implementation than it is assumed in models with only
outside money.

However, the validity of the above equivalence of the inside and outside
money models is limited to a certain range of the shocks. Moreover, the
policy toolkit required for the appropriate policy is based on a very detailed
knowledge of the economy and it is so complicated that legitimate doubts
may arise that it cannot be applied in practice. Because of that we take
a less complicated approximation of the perfect policy rule and analyse its
errors. However, we find that the error of the approximation is rather small
for most shocks.

Since the financial crisis of 2007-2008, a lot of effort has been made in
macroeconomics to incorporate the specifics of the financial system into the
models,® however, most of these models typically focus on the role of the
banking system in financial intermediation and neglect the role it plays in
the mechanism of money supply, assuming that the total amount of money
is equal to the outside money issued by the central bank.

On the other hand, since 2008 central bank studies on the role of the
banking system in money creation have proliferated, see for example Maclay,
Radia and Thomas (2014), Deutsche Bundesbank (2017) and Jordan (2018).
Werner (2016) takes an even more radical view, totally disagreeing with the
mainstream academic approach and claims that the process of money creation
is not a negligible detail, and any analysis that omits it is fundamentally
flawed. However, these studies focus on the description of the banking system
and the macroeconomic context is only superficially considered, furthermore,
they lack formal models.

3See, for example, Gertler and Kiyotaki (2015), Clerk et al. (2015) and Boissay, Collard
and Smets (2016).



Although there are macroeconomic models in which the money creation
of the banking system appears explicitly, these are rather exceptions. Good-
friend and MacCallum (2007) is an early example of a formal macroeconomic
model with inside money. They study the implications of binding reserve re-
quirements as a constraint on the deposit production by banks. Another early
example is the Post Keynesian model of Godley and Lavoie (2007, chapter
10) where liquidity risk and the constraint for deposit creation arises from
the tendency of households to convert their demand deposits into cash.

Jakab and Kumbhoff (2019) add inside money to a standard DSGE model,
and like Werner (2016), they question whether it makes sense to talk about
financial intermediation in the case of bank money creation. However, their
model completely lacks liquidity risk and the only constraint on banks’ money
creation is non-bank economic agents’ demand for money.*

Rodriguez Mendizabal (2017) explicitly takes into account the liquidity
risk management of banks in a static model and studies the benefits and costs
of narrow banking. Rivero Lieva and Rodriguez Mendizabal (2019) considers
the financial stability consequences of banks’ money creation.

Piazzesi, Rogers and Schneider (2021) also studies interest rate rules in
the presence of inside money. They compare the implications of different
monetary policy regimes (floor system, corridor system) and investigate how
the aggressiveness of the response to inflation affects the stability properties
of the model. However, in their model there is no investment and corporate
behaviour is not affected by bank lending.

The paper is structured as follows. In Section 2 the model is presented.
Section 3 analyzes the adjustment of the IS and LM curves in response to
exogenous shocks if monetary policy is passive. In Section 4 we investigate
whether it is possible to implement a monetary policy determined by the IS
curve and the interest rate rule in the presence of inside money. Section 5
discusses the case when instead of implementing perfectly the above policy,
it is only approximated. Finally, Section 6 concludes.

2 The model

In the model, households and firms are represented in a standard way. Invest-
ments are financed by the banking sector, the liabilities of which are stable
long-term and liquid deposits, with the latter playing the role of money in

4In Vilagi and Vonndk (2022) we also study this issue using a model similar to the
one presented in this paper, and we conclude that the existence of inside money does
not invalidate the common macroeconomic wisdom that investments are linked to savings
through the financial intermediation of banks.



the model. Households’ savings portfolios include both stable and liquid de-
posits. Firms also hold liquid deposits for transaction purposes. The banking
system has two types of assets: corporate loans and central bank reserves.
Banks are actively involved in the money-creation process, as they hold more
liquid deposits than central bank reserves.

Banks are subject to idiosyncratic liquidity shocks. If the outflow of liquid
deposits from a given bank exceeds the amount of its central bank reserves,
it has to borrow on the interbank market, which is relatively expensive. As a
result, banks need to actively manage their liquidity risk, which is explicitly
reflected in the model. The ratio of liquid deposits to the central bank
reserve, i.e. the money multiplier, is determined in the model by liquidity
management.

In addition to idiosyncratic liquidity shocks, the model also includes ag-
gregate macroeconomic shocks.

Production takes place in three stages. First, an intermediate good is
produced using physical capital, then intermediate goods producers compet-
itively sell goods to retailers. Retailers use this intermediate good and labor
to produce differentiated goods for the final good producing sector. Retail-
ers’ prices are sticky, they cannot adjust their prices within a given period
after the realization of macroeconomic shocks. Finally, firms in the final good
producing sector aggregate input goods and sell them for consumption and
investment purposes. Final goods producers then bundle retail goods into
final goods usable for consumption and capital.

Due to the presence sticky prices, monetary policy has real effect in the
model.

The timing of the shocks and economic decisions within a given time pe-
riod is the following: First, firms set prices and quantities on the basis of the
expected values of macroeconomic shocks. Then the macroeconomic shocks
are realized, the product, labor, loan and deposit markets open and mone-
tary policy sets the relevant interest rate and the macroeconomic allocation
decisions are made: since firms cannot readjust their prices, they react by
adjusting labor input and the quantity of retail and final goods production.
Then the idiosyncratic liquidity shocks are realized and the interbank market
opens, where monetary policy is also active.



2.1 Components of aggregate demand

2.1.1 Households

Households’ instantaneous utility function is given by

C%iy X G (Dt/Pt)l_V

1—v 1—v

U (ct,ne, Dy, G) = — Py
where ¢; is consumption, D, /P, is real money holding, n; is labor and ¢, is a
time varying preference parameter. The intertemporal budget constraint is:

Py +F+ Dy =Y+ (1 +4,)F + (1 +i,) Dy,

where Y/ is the income of households, F" and D" denote their time and
demand deposits with i; and i being the nominal interest rates paid on
them. Households’ income consists of the following components:

e Labor income received from the production sector, W;n;, where W, is
the nominal wage.

e Labor income received from the banking sector, W/ny. We assume
that the banking sector uses different type of labor (nf) than the pro-
duction sector which is also supplied by households. For simplicity, the
disutility of this type of labor does not appear in &. W/ is the nominal
wage of this type of labor.

e Profit income, IT; = TT 4+117, where IT is the profit of final good produc-
ers and retailers, and II} is the profit of intermediate good producers.

e Dividend from banks, D,.
e Lump-sum transfer from the government, 7;.

Households’ lifetime is infinite, however, due to bounded rationality, they
have finite planning horizon, as in Woodford (2018), Lustenhouwer and
Mavrotamis (2021) and Boutros (2022). At each date ¢ households want to
maximize their discounted utility of consumption and leisure over their plan-
ning horizon (7 periods). Their income and price expectations are rational
over the planning horizon. However, they do not have sufficient information
and calculation capacity to forecast events after date t + T". Hence they use
a rule-of-thumb: they assume that they will choose the steady-state deposit
levels at date T'+ 1. Furthermore, they assume that their date 7'+ 1 income
will be consistent with the steady-state consumption level.



Formally, they solve the following finite horizon optimization problem:

T+1
max Z Ey [T iU (ot gy Mt js Dijs Gers)]
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subject to the budget constraints,
Pryjerrj + Fliy+ Divy = Y+ (Lt denyo) Fyy oy + (L+321) Desjon,
forall  =0,..., T+ 1, and the terminal conditions
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where I'y = 5,I';_1, o =1, 0 < B, < 1 is the time varying discount factor of
households, ¢, f* and d are the steady-state levels of real consumption, and
real deposit holdings. Furthermore, as discussed, households’ date t + 7T + 1
income expectation is consistent with the above terminal conditions:

Yiry = Pyrpa (c+d+ ") = U+ inr) Flyr — (1+if7) Divr. (1)

The solution of the above optimization problem is derived in Appendiz A.2.

2.1.2 Intermediate good producers

In the model, intermediate goods producers are the only ones who use phys-
ical capital (k), so investment demand can be derived from their behavior.
They operate on a perfectly competitive market with the following technol-
ogy:

Zey1 = Ay (kt - ka) ) (2)

where 2,1 denotes the intermediate good, and A;,; is a time varying and w
is a constant productivity parameter.

Their initial wealth is zero, hence they need bank loan to buy the neces-
sary capital for production. The capital fully depreciates after production.
As a consequence, the intermediate good producer firms’ demand for bank
loan will be:

Ly = Pik;.

Intermediate good producer solve the following profit maximization prob-
lem,
max Pz — (1 + zf) Pik;.
t



Since 241 = Agy1 (ki — wk?), the first order condition is
Pr A — PhyAva 2wk, = (1+14)) P,
from which the demand for physical capital is

b Pi1 A — (1 + TtL) (3)
.=
2pi Apaw

where 7} is the real loan rate, and p;,, = P7,/P.41 is the expected relative
price of the intermediate good. It is shown in section 2.2 that p7_ , is constant
and function of the parameters of the production functions of final and retail
goods.

Substituting formula (3) into the production function (2) yields the sup-
ply of z;.1 as a function of its (relative) price and the real loan rate. The
aggregate profit of the sector:

fo1 = Phze — (1 + ZtL) Pk, (4)

2.1.3 The banking sector

The banking block of the model is inspired by Piazzesi and Schneider (2018).
The main feature of their model is that the banks make decisions on their
balance sheet facing liquidity risk and subject to a cost function which we will
specify later. Banks can create liquid deposits, that is money, but this money
creation is constrained by the costs of expanding their balance sheet as well
as by the need to maintain a liquidity buffer for future liquidity shocks.

The banking system is formed by a continuum of homogenous banks
owned by the households. Banks are operated by independent managers,
whose decisions are not influenced by the owners. The task of the managers
is to maximize the discounted net real cash flow (dividends) of households.
Households take the cash flow stream as given by passively collecting positive
cash flow from the banks and providing the necessary resources if the cash
flow is negative.

Assets and liabilities of banks

The liability side of the banks’ balance sheet consists of time deposits (F}),
demand deposits of households and firms (D; = D! + D7), and loans from
the interbank market (B?). On the asset side they hold reserves (M;), loans
to the intermediate goods producing corporate sector (L;) and loans to other
banks (B!). The net interbank position is denoted by B; with positive value



indicating a net lender position. Consequently, lending and borrowing can
be written as B! = max[0, B;] and B? = max[0, — By], respectively.

The interest rates paid on reserves, interbank loans, corporate loans, de-
mand and time deposits are denoted by ift, iZ, il i’ and i, respectively.

At the beginning of date ¢ the bank collects deposits F; and D;, provides
loans to firms producing intermediate goods L; and borrows reserves M,
from the central bank for expected future transactions with other banks. At
this stage the interbank market is not open yet, and thus the balance sheet
constraint is

M, + L, =D, + F,. (5)

Idiosyncratic liquidity shocks

After having decided on their balance sheets, banks are hit by an idiosyncratic
liquidity shock A This idiosyncratic shock is different from the macroeco-
nomic shocks discussed in section 2.3. The idiosyncratic liquidity shock aims
to capture the real life fact that banks’ customers often initiate payments to
counterparties having account at another bank, so the payer’s bank has to
transfer the corresponding amount in reserves to the payee’s bank account
at the central bank. We assume that ;\tDt has to be paid by the bank. If
M\ > 0, the depositors withdraw part of their deposits. If A < 0, new de-
posits arrive to the bank. We assume that M\ has a continuous distribution
over the [—);, ] interval described by the cumulative distribution function
G and the corresponding probability density function g.

Holding reserves is costly because the interest paid on it is less than the
interest on corporate loans. Therefore, banks may hold less reserves than
what would cover outflows. Those banks that do not have enough reserves
to make interbank payments have to borrow on the interbank market. If we
define the reserve ratio as \; = M,/ D;, a bank must borrow on the interbank
market if M, < \D; or A\, < \. That is, a bank with liquidity shock )\

borrows at least B° (5\0 amount,’

B%x)z&a—ﬂg (6)

It is assumed that a bank with net deposit outflow does not pay interest on
A¢D;. On the other hand, it receives the interest paid by the central bank on

5The variables By();), BL(A;), BY()\;) are functions of A;. Whenever it is necessary to
avoid confusion, we will explicitly indicate this in the notation, and the letters without
the (5\1‘) extension will represent the related aggregate variables. However, to simplify
notation, when it does not result in confusion we will omit the term ();) even in the case
of individual, non-aggregate variables.
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B ().
A bank does not have extra liquidity need if M; > XtDt, that is, if A\, > A
In this case the bank can lend part of its excess liquidity on the interbank

market X X
B ()\t> < M, — \D;. (7)

A bank with net deposit inflow has to pay interest on —\:D; and it will lose
the interest paid by the central bank on B! <5\t>

Operation cost of banking

The main focus of the banking block in our model is representing liquidity
risk management and considering its consequences. On the other hand, we
do not want to provide a deeper understanding of other aspects of banking
behavior. Therefore, following Curdia and Woodford (2016) and Piazzesi and
Schneider (2018), we simply posit a reduced-form intermediation technology
represented by a cost function to capture the operation of banks.
Specifically, we assume the banks’ have the following real cost function:

L L\ 2 F, D

_ L=t Lzt Ft Dt

Ky = T Pt+¢ (Pt) + 7 Pt—i-T )
2
DLDtLt +¢B (Bl/Pt)

p? (Mt - S\tDt> /P, ¥

- ¢

The first four terms on the right hand side represent the operation cost of
collecting deposits and providing loans, including the marketing cost.
The term —¢PLD,L;/P?, (¢P* > 0) can have two interpretations:

e First, as in Piazzesi and Schneider (2018), it takes resources to convince
the owners of demand deposits that their claims are satisfied on demand
at any time. Moreover, we assume that convincing depositors is cheaper
if the bank owns more assets to back the commitments, especially if
those assets are relatively safe. Corporate loans are not immune to
uncertainty and are therefore not considered to be safe assets, but we
assume that bankruptcy losses do not jeopardize the ability of banks
to repay their deposits. According to this interpretation having more
assets, that is, more L;, reduces the cost of deposit creation:

D _¢DLE &
k) P
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e Just the other way around, according to the second interpretation more
demand deposits reduce the cost of lending:

D,\ L L\?
L DL_t _t L _t
(T ’ Pt>Pt+¢ (Pt>.

This approach can be justified by the following line of thought. Beyond
liquidity risk, banks have to manage their solvency risk as well. This
can be captured by the walue-at-risk approach of banks to keep the
probability of default within reasonable limits, as in the models in
chapters 2 and 3 of Shin (2010). Taking value-at-risk decisions into
account implies that not only the marginal cost of funding, but also
the average cost of liabilities determine lending since ceteris paribus
smaller repayment reduces the probability of default. Therefore, more
cheap funding by demand deposits facilitates corporate lending since
the value-at-risk constraint becomes looser and the higher leverage is
allowed.

However, this mechanism does not appear explicitly in our model. In-
stead of representing the above mechanism in detail we capture this
feature by a shortcut, that is, by assuming that D, reduces the cost of
L.

The final term represents the cost of interbank lending. Since the inter-
bank market is a standardized and organized market, this cost is not pro-
portional to the magnitude of lending. Rather, this term wants to capture
the phenomenon that it is easier to lend overnight if the bank has abundant
liquidity, and it is more difficult if the bank’s liquidity is scarce. This term is
positive if the bank is a net lender on the interbank market and zero if she is
a net borrower. We assume that borrowing has no operating costs because
interbank borrowing is a coercive decision, if the outflow of deposits is large
enough and a bank wants to avoid bankruptcy, it must do so, in which case
no sophisticated liquidity management considerations are required. However,
it is exactly the sophisticated liquidity management that we assume to be
costly. Although the denominator can take negative values for banks that
do not have enough reserves to make the necessary transfer payments, the
whole term cannot go below zero, because if a bank is net borrower on the
market, the numerator will be zero. As a consequence of this type of cost,
banks with excess liquidity will hold reserves even if the interest on reserves
is lower than the interbank lending rate.

It is assumed the k; is the real cost paid for a special good which produced
by linear technology from the final good (also used for consumption and

12



investments) and from labor:

. KK
Ky = Piqy,

kK _ K K
4G = Y +ng,

where ¢;° denotes the quantity of the special good, pj is its relative price, y;’
is quantity of final good used for the production of ¢;. This simple linear
technology implies that the real wage for nf is constant, wy = W} /P, = 1,
furthermore p; = 1. To simplify the analysis, we assume that in equilibrium
qF = n?, only the labor input is used by the banking sector.’

Behavior of the banking system

At date ¢t banks collect the principal and interest on their assets and pay
the principal and interest on their liabilities. The banks’ net income is the
dividend which is transferred to the household sector:

D, = (1 + i,gL_l) Ly + (1 + if_l) <Mt71 - S\tletfl - Bml) 9)
+ ﬁ+ﬁ£JBF1—ﬂ+%FQB;V—G+%£Q<L—&4)Dhy—ﬂm.

Individual banks take as given the interest rates i, il 4, i, i? and the
price level P;,. The problem of a bank is to maximize the discounted value of
the real dividends paid to the households (recall, that banks are owned by
households), subject to the constraints:

M, + Ly = D, + F,
M, — \D; > B,

The first constraint represents the balance sheet of the bank, the second
liquidity constraint is derived from equations (6) and (7).

To get closed form solutions we assume that \; is drawn from a uniform
distribution over the interval [\, \;]. Here we characterize the most impor-
tant properties of the solution of an individual banks’ optimization problem.
For more details see Appendiz A.4.

First of all, the optimal solution does not depend on the absolute level
of the interest rate, only relative interest rate matters, that is, the spreads
between the different interest rates and the interest rate on time deposits,

1+l
I

1+ if
144,

1+if
1+i,’

| 44D
AR AL AP AP 113;

6This assumption ensures that the equilibrium income of households and thus the IS
and LM curves derived in section 2.1.5 are independent of k;. However, relaxing this
assumption does not change the result significantly, see Vilagi and Vonnak (2022).
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The first order condition determining reserve holding can be expressed in
the following way,

515 St
AR L9 B >t B 2 -1 F 10
where J; = max [0, A\t — )\t} and ¢; = max [25\t, A+ )\t}, furthermore, in equi-
librium
B — B¢B

= —— < 1.
Pt TL,

The variable p, represents the tightness of liquidity on the interbank market,
where B® = 62/ (4);) is the demand on the interbank market, Bf'® is the
liquidity supplied by the central bank, and TL, = <2/ (4);) is the total
liquidity stock of potential lenders.

The first order condition with respect to corporate loans is the following:

L D
AF =14 7L popt =t — Pt 11
¢ ¢ 2 ¢ 2 (11)

where 7% = 7 + 7L,
Considering the liability side, the first order condition determining de-

mand deposits (D;):

Ly
By

Orst

AtDzl—fD‘I‘QSDL 45\7
t

- <2¢BPt - ¢BP§) (12)

where 70 = 7P — 7T,

Using equation (9) it is easy to show that the aggregate dividend of the
banking sector is given by

Dy = (1447 ,) Lioa+ (1441 ) Moy — U+ i) Fron — (L +40,) Dia

+ (if—l - i£1) BEE — Piky, (13)
since
S\t R R S\t . .
/ AD,d) = 0, / B, ()\) d\ = B! - BY = —BCP,
_S\t —S\t

2.1.4 The government and the central bank
Monetary policy

The central bank has three instruments. First, the central bank sets the
interest rate paid on reserves (i) which determines Af.
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Second, the central bank lends on the interbank market after the realiza-
tion of the liquidity shock (BE?) in order to control the interest rate on the
market (i¥) which determines AZ.

Finally, it determines the total quantity of reserves (M;) available for
banks at the beginning of date t. In practice, the aggregate quantity of
reserves is often controlled by open market operations. In our model this
option is not available since there is no government debt. Instead, we assume
that the central bank lends to commercial banks before the realization of the
liquidity shock. From the point of view of an individual bank, households
ex ante lending F* and central bank ex ante lending FCP = M, are perfect
substitutes, thus total time deposits (F}) are the sum of the two.”

The central bank can influence the magnitude of the money multiplier
(1/)) by Af* and AP, furthermore, for a given value of the multiplier, it can
control the quantity of inside money stock (D) by M;. In Appendiz A.4 it
is shown that

AP = AT
= — 14
and B
At = My, (15)
where

#Pp(2+p) —2(1+ 7" — A
(2 = pt)
Furthermore, by using the definition of A,

> 0.

mt:

M,
D, = N

At the beginning of each period all economic agents have uniform and
time independent® expectations for the values of macroeconomics shocks, de-
noted by £Y. Taking into account £°, monetary policy announces the expected
values of its instruments, and they are chosen in such a way that P, = P,_;
(the details are in Appendiz A.5 and A.6). If the realized values of shocks co-
incide with the expectations then monetary policy sets the announced values
of the intsruments.

However, if the realized values of shocks, &, are different from the expec-
tations, the central bank adjusts its instruments to implement the nominal

"Perfect substitution implies that lending from households and from the central bank
have the same operation cost, see Section 2.1.3. This is just a simplifying assumption.
8For simplicity we assume that the macroeconomic shocks are temporary.
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interest rate level determined by the following standard interest rate rule:

T+ (%)wy ( P, )djﬂ

L+7) yr Pia)

where y? and 7 flexible-price real output and real interest rate. (The flexible-
price allocation is described in details in Appendiz A.6). Since in this model
retail prices cannot be adjusted within a time period even after the realization

of macroeconomic shocks, P, remains unchanged, and the inflation rate is
zero. Thus the above interest rate rule is simplified to the following form:

1o _ (2)w (16)

L+r \w/

Consolidated budget constraint

The central bank’s profit at date ¢ has two components. First, the difference
between the revenue on lending at the beginning of a time period and the
interest paid on reserves: (1+1i,1)FZ% — (1 +4f') M,_;. Second, the differ-
ence between the revenue and expenditure related to BEE. Recall that after
the settlement of interbank payments BEZ is held as a reserve, hence the
central bank has to pay the reserve rate on it, hence this component of the
profit is given by (i, —if*,) BZ5. Since M;_y = FZ%, the central banks’
profit:
(-1 =i y) Moy + (i —47y) BES.

The central bank pays the profit to the central government. We assume
that there is no government consumption and the government’s budget is
always balanced, the central bank’s profit is transferred to the household
sector:

Ti= (i1 — i) My + (i, — i) B (17)

2.1.5 IS and LM curves

Since prices are rigid in the model within a time period, aggregate demand
determines the evolution of macroeconomic allocations in the short run. In
this section, we introduce the IS and LM curves to describe the behavior of
aggregate demand. These curves are similar to the textbook IS-LM curves in
terms of their economic content, but unlike them they are not static, as they
are derived from a dynamic equilibrium model and contain expectations in
addition to the present variables.

Our goal with the introduction of the IS and LM curves is to make the
adjustment of the economy to unexpected shocks at date t transparent and
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understandable. These curves are suitable tools to clarify the role of inside
money in the adjustment process and to point out the essential difference
between the macroeconomic effects of inside and outside money.

Similar to Woodford (2010), the IS curve is derived from the savings func-
tions of households and retailers’ investment demand, as well as the supply
of intermediation of banks, while the LM curve is derived from households’
demand for transaction instruments and banks’ need for liquid liabilities. So
the behavior of the banking system affects both curves.

From a macroeconomic point of view, this is just the significance of inside
money: as we will see later, in the case of outside money, banks do not affect
the LM curve, but inside money creates an additional link between the two
curves through the banking system.

First, consider the intermediate good producers’ demand for capital. Re-
call that monetary policy ensures that expected future inflation rates are
always zero. As a consequence, nominal and real interest rate coincide, thus
rl =il Furthermore, as shown in section 2.2, the relative price of the in-
termediate good p* = a®/¢¥. Taking all this into account, equation (3) takes

the following form:
I —%At+1—(1+itL)
+ = .

Q%At+1w

Substituting formula L,/ P, = k; into the corporate loan rate spread equation
(11)yields

D
L+if = (1+i)A; = (1+1y) {1 + 7l 20tk — gzﬁDLFt} . (18)
t

Combining the above two equations provides an expression for k;:

L C A — (1+14y) (1 + 7t - ¢DL%>
= z . . 19
! 2%At+1w + 2 (1 + Zt) Xt¢L ( )

As the above equation reveals, monetary policy can influence the level of
capital stock through two channels: by the nominal interest rate i, and the
quantity of demand deposits D, (see section 2.1.4). The presence of D,
in the above expression is a consequence of the fact that in the modern
banking system the function of financial intermediation is inseparable from
the function of providing transaction instruments.

Equation (12) can be expressed as

AP =1—-7P 4 ¢PFk, — U, (20)
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where 5 2

St —

U, = 6Pp,(2 — py) = = P p,(2 — t 7t

t =07 pi( Pt)4)\t ¢" pi( Pt) AN,
The spread AP is also determined by monetary policy. Not only k; is a
function of monetary policy but also p;, d;, and ¢; and thus ¥,, as discussed

in section 2.1.4.

In Appendixz A.2 it is shown that real savings is given by the following

function,

Bl —1 yr
St = B—tTyt - B—tT;
where
4 1 - L o—1
Bl = 3 (1+n(1—aR)") 57 (B7)
=0
- o—1
+ /B(T+1) (R§+T+1) 7 (21)
Iyp fid
T _ t+J
yt - ; R?_j - R;H—T-l-l’ (22)
where

Rl =1, R = (1 +i) (1 + i) - (L4 dgyon), >0,
furthermore, y; is the real GDP, yp', ; = Y}* ;/P}, ; and in equilibrium
yzZ»j = yrj — (L4 i) [kejor — (1= A?Jrjfl) derj1] -
The aggregate balance sheet of the banking system:
M+ L;=F,+ D, = F'+F? + D,.

Since
L; = Pk, M, = FFP,

the balance sheet equation can be expressed as
Pk, = Ly = F]' + D} = P,s,,

that is,
ke = 54, (23)

the real savings of households is equal to the capital stock (which is quite
clear intuitively since k; is equal to investments in this model).
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Combining the above saving function with equation (23) yields the IS
curve:

1
T _
Households’ demand for real money is derived in Appendix A.2. Rearranging
it yields the LM curve:

(1-AP)BI'D,
Yt e P, Vi (25)
The right hand side of the IS and LM curves are functions of #;, since both
Bl and V!, the expected discounted future income stream of households,
are also functions of it. Furthermore, monetary policy can also influence the
curves through k;, AP and D;.

It is important to emphasize that the money stock (D;) influences both
curves in our model. This is in sharp contrast with the approaches of most
textbooks or New Keynesian models (see Clarida, Gali and Gertler (1999),
Gali (2015)) that the IS curve is not affected directly by the money stock.

We will also apply the following notations for the equations (24) and (25):

Y = Z/IS (ituktaAtDv tLM7 tIS) ) (26>
. D
Yy = ?JLM <ZtaFt7kt7AtDa tLM7 tIS) ) (27)
t
where &M = [A,n] and &¥ = [B;, A11]. The above formulas emphasize

that the IS and LM curves are functions mapping i; to the real output, ;.
and they also depend on monetary policy represented by p;, Ay, D;.

The IS and LM curves define two equations for y; and 7;. We denote the
solution, that is, the intersection of the two curves by

. , D
g o=y (Ft,kt,pt, £ fs), (28)
t
-18lm -1slm D
Ztl =1 : (Fta)‘taph tLM7 tIS) : (29)
t

The above formulas reveal that the equilibrium values of y; and 7, are func-
tions of monetary policy and the exogenous shocks. Then using the equilib-
rium value of '™ one can calculate the equilibrium values il, k;, AP by

equations (18)—(20).
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2.1.6 The outside-money version of the model

As benchmark for comparison, we provide the toutside-money version of the
model. In this version instead of the liquid deposits of the banking system,
M, the outside-money issued by the central bank plays the role of transaction
instruments.

Households

Households’ instantaneous utility function is similar in both versions of the
model, the only difference is that Mt/P represent households’ real money
holding;:

1—v M./P 1—y
U (cen, My, §) = i +Ct( t/Pr)

1—v 1—v RS

Households’ has two instruments of saving, time deposits (F}*), and the
outside-money. As a consequence the intertemporal budget constraint be-

comes
Pier+ Fl + My =Y+ (1 4+ i) F)' | + My,

where it is assumed that the interest paid on outside-money is zero. In
Appendiz A.2 it is shown that the saving function is given by

BtT,om -1 7;l”,om
St = om Yt — om?
B/ B/
where
T+1 ‘ )
BtT’(’m = ZB]U (RE—H)“_ ’ (30)
§=0
T h h
T,om Yivj f
S =D (31)

t+7 t+T+1°
j=1 Rt Rt

The banking sector

In the outside-money version financial intermediation is the only function of
banks, and they do not play any role in providing transaction instruments.
Banks collect time deposits and supply corporate loans. Since demand de-
posits are missing from the balance sheet, banks do not have liquidity risk,
hence they do not need central bank reserves and interbank loans. Their cost

function becomes
L L\ 2 F,
B A YA rlt
K =kR-+T Pt+¢ (Pt> + 7 P
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At each date t banks solve the following optimization problem:

{ Dy Dt]

max E;
Ly, F}

t

Py B
subject to the balance sheet constraints,
L, = F".
where
Dy = (1+i ) Lisi — (L4 i) F .
The solution of the above problem is characterized by the following condition:

L
AF = 1+%L+2¢Lft.

t

The government and the central bank

As the interbank market is missing from the outside-money version, mone-
tary policy has only one instrument, M;. It is assumed that money supply
is controlled by direct lump-sum transfers (or taxes) to households (i.e. by
helicopter money). Again, we assume that there is no government consump-
tion and the government’s budget is always balanced, hence the transfer paid
to (tax levied on) households is the following:

Te = My — M.

IS and LM curves

It is straightforward to show that the capital stock is determined by the
following formula:

Eom — %ZAH'I — (141 (1 + 7iL)
! 290 Ariw + 2 (14 i) xep"

Unlike in equation (19), the capital stock is independent of the money stock,
since financial intermediation is independent of provision of transaction in-
struments.

In this case the IS and LM curves have the following forms:

1 T T
- (BPempem 4y m) 32
Yt B{’Om 1 ( t t t ( )

(1=AM)7 B M,

T,om
= —yrem 33
v Ur P, ! ( )
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where AM = 1/(1 + ;) since the interest rate paid on M; is zero. Unlike in
the general case, here the money stock does not affect directly the IS curve,
since it is missing from k™, B} ™, Y]

We will also apply the following notations for equations (32) and (33):

Y = gls (itantvftls)v (34)
_ - M

Ye = yLM (%Ftﬂ?ta tIS) (35)
t

The above formulas emphasize that the outside-money IS and LM curves are
independent of \;, \; and p;, because M; = D, and, as a consequence, the
interbank market does not exist. Furthermore, equation (34) reveals that the
outside-money IS curve does not depend on M, either.

Figure 1 displays and compares the IS and LM curves in the general and
the outside-money cases. In the general case AP is decreasing in i;, and,
consequently, the term (1 — AP )U (1+ Bf') m in the LM curve is increasing
in 7;. On the other hand, its impact on B; is negligible. Hence, the LM curve,
as a function of ¢;, is flatter in the general case than in the outside-money
case.
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Figure 1: The IS and LM curves in the outside money and the general versions
of the model. Note that the IS curves almost perfectly coincide in the two
versions if monetary policy instruments are consistent with the steady state
of the model.
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2.2 Aggregate supply

In this section, we discuss, on the one hand, how the level of production
is determined at flexible prices, on the other hand, how supply adapts to
unexpected shocks in the presence of sticky prices.

The retail goods (y(j)) are not perfect substitutes and are produced by
infinitely many firms indexed by j € [0, 1] acting on a market described by
the concept of the Dixit-Stiglitz type monopolistic competition. Retail goods
are produced using intermediate goods (z) and labor (n) with a quasi linear
technology

(i) = a" () + a2 (),

where a”, a* > 0 and 0 < o < 1.
The final good y is produced on a competitive market by a representative
firm using infinitely many retail goods and a CES production technology:

0

Lo e )77
Y = U yt(])gd]] ,
0
where 6 > 1.

Because of perfect competition, the price of the final good is the CES
average of the input prices:

P, = UOI Pt(j)l‘edj}lle.

Due to the assumption of perfect competition and the constant-return-to-
scale technology, the final goods producer earns zero profit.

It can be shown easily that demand for the jth retail good is a function
of its relative price and total output:

w(j) = (%)9%,

which implies that retailers operate on a Dizit-Stiglitz type monopolistically
competitive market.

As discussed, some parameters of the model are driven by macroeco-
nomics shocks, the vector of these shocks is denoted by &;. Economic agents
have uniform expectation for the shocks, at the beginning of date ¢ the ex-
pected value of the shocks is €. At the beginning of period ¢ the central
bank announces its monetary policy and retailers set their prices. The ag-
gregate price index becomes P;, and wages and the price of the intermediate
input good are also chosen. The prices and wages set at the beginning of the
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period are market clearing conditional on &2 and the announced monetary
policy. The allocation of goods consistent with the market clearing prices is
the flexible price allocation described in details in Appendixz A.6.

As shown in Appendiz A.3 the demand for labor is

1
_(Pra(l-a))*
ng = (Wt a? ) )

and the demand for intermediate goods is

l—o
Y — a"ny
where Py is the price of the intermediate good, W; is nominal wage.
Hence the cost function becomes

z

P
C(Wt, Ptz, yt) = tht + a_i (yt — a”n}_a) .

Since labor demand does not depend on the output, the marginal cost func-
tion is simply
‘PtZ
./\/lCt = —.
aZ
Observe that all retailers face the same marginal cost. Profit maximization in
the Dixit-Stiglitz type monopolistic competition model implies the following

price formula:
PZ
P, =9MC, =91,
aZ

where
U= b >0
-1
is the markup. Since the marginal cost is the same for all firms, prices and
production quantities will also be uniform.
The above formula implies that the relative price of the intermediate
goods is constant, that is
. Ptz _ a?
by = Ft - 57
As a consequence, the flexible price labor demand is a function of the real

wage,
a"(1—a)\=
”g = (19—10?) 5 (37)

where wf = WP /P, and W} is the nominal wage set at the beginning of the
period.

24



After setting the prices and wages the shocks, denoted by &, are realized.
Of course, & is not necessarily equal to £2. Retailers cannot adjust their price
after the shocks, however, wages can be adjusted.

We also assume that firms cannot adjust the quantity of z; set at the
beginning of the period, they can adjust only labor. Hence labor demand
and the real marginal cost after the realization of £ become

1

7 T—a
- (—y ”t) , (38)

a/'fl
1 e 2
Ony (a")s Ty ™
= — =W 39
me(we, Yr) Wy O, U1 (39)

The representative final good producer firm earns zero profit due to the
constant-return-to-scale technology:

P = /0 P()ei) dj

As a consequence, the aggregate profit of the final and retail goods sectors

can be expressed as
H? = By, — Win, — Ptzzta (40)

since the profit of final goods production is zero.

2.3 Exogenous shocks

As discussed, there are two types of shocks in the model: macroeconomic
shocks, &, and an idiosyncratic liquidity shock A;.
The vector of macroeconomic shocks consists of the following variables:

& = D\mﬁt,ﬁt;AtH} 5

where \; is the upper limit of the liquidity shock’s absolute value, 7, = Ct%
is a parameter of households’ money demand, [; is the discount factor of
households, A;;; is the productivity factor in the intermediate goods pro-
ducing sector. In this paper, only temporary shocks are considered, lasting
only over one time period.

We will also apply the following notations:

M= P\tﬂ?t} ) {5 =18, A).

The shocks in the ££M vector have an effect primarily on the LM curve, while
those within the &% have an effect primarily on the IS curve.
The timing of the shocks and economic decisions is the following:
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e First, firms set prices and the quantity of the intermediate good on the
basis of £ and the announced values of monetary policy instruments.
The chosen prices and quantity are the market clearing ones, if &
coincides with the realized value of the shocks.

e Then the macroeconomics shocks are realized (£) and the product,
labor, loan and deposit market open, and allocation decisions are made.

» If £ = & then monetary policy maintains the pre-announced val-
ues of its instruments and the flexible price allocation is realized.

> If &0 # & due to the rigid prices firm can only adjust quantities
and monetary policy also reacts to the shocks, sets ¢; by adjusting

M,;, AF and AP.

e Then the liquidity shocks are realized and the interbank market opens.

3 The effect of shocks with unchanged mone-
tary policy

Although the main objective of our paper is to understand how interest rate
rule based monetary policy works in the presence of inside money, it is worth
breaking it down into two steps. First, we look at what happens as a result of
macroeconomic shocks if monetary policy does not respond.’ In the second
step, we examine the impact of the monetary policy response.

Our starting point is the steady-state allocation consistent with £° (dis-
cussed in details in Appendiz A.5). We examine how unexpected changes in
exogenous variables (&) shift the IS and LM curves and thus change the eco-
nomic allocation, and compare the adjustment processes in the inside-money
and outside-money versions.

To keep the analysis simple and transparent, as in Eggertsson and Krug-
man (2012), we analyze the effects of unexpected temporary shocks. That is,
at date ¢, it is assumed, that & = & # £°, however & ; = £°, for all j > 0.
Therefore, from time period ¢ + 1 onwards the behavior of the economy can
be described by the flexible price allocation.

We restrict our analysis to cases where moderate shocks hit the economy.
In the case of shocks that cause an excessive recession, the nominal interest
rate reaches the zero lower bound. This problem is not addressed in our
model. In the case of shocks that cause excessively large expansion, the

9Recall that this means unchanged M;, A and AP.
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economy runs into capacity constraints, which has a strong inflationary effect
and the assumption of rigid prices is no longer plausible.

In Appendiz A.1 we discuss how we calibrated the parameter values for
the following simulations.

LM shocks

First, we consider the effect of the unexpected change of the size of liquid-
ity shocks, captured by the A parameter. Note that A does not appear in
the formulas of the IS and LM curves of the outside money version. As a
consequence, the X shock does not have any impact on these curves.
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Figure 2: The effect of the decrease in the liquidity shocks on the IS and LM
curves

In the general case A} = my\; and m; > 0 (see equation (15)) and D} =
M;/Xr. As a consequence, a decrease of ); results in an increase of the money
supply, therefore the LM curve shifts downward. Since ¢P* > 0, the capital
stock k; increases when the liquidity shocks become smaller. This implies
that the IS curve shifts upward, see Figure 2.

The next experiment is a decrease in money demand, that is, in 7;. Al-
though the variable 7, appears in B! and BtT ™ and shifts the IS curves in
both cases, its impact is negligible with our parameter choice.

Obviously, the main effect of a negative money demand shock is shifting
the LM curve. In both cases decreasing money demand shifts the LM curve
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Figure 3: The effect of the decrease in money demand on the IS and LM
curves

downward. The effect will be expansionary in both cases, but in the inside-
money case the expansion is larger, see Figure 3.

IS shocks

Our next shock is an unexpected change in the discount factor (/3;), which
affects the propensity to save, and thus, has direct impact on the IS curve.
Smaller 8; implies less saving in period t.

Formally, if 3, decreases, BT and B " decrease as well (see equations
(21) and (30)), which shifts the IS curve upward. The change of BT and B/
will shift the LM curves upward, too. The overall effect is expansionary in
both cases.

Ayyq is the productivity in the intermediate good sector. If A, increases,
firms invest more and k; increases which shifts the IS curve to the right. As
equation (20) reveals, an increase in k; results in an increase in AP. As a
consequence, in the inside-money version the LM curve is shifted upward.
The overall effect results in a slight decrease in output. This is in sharp
contrast with the outside-money version, since k; does not affect A hence
in this case the overall effect of the productivity shock will be expansionary,
see Figure 5.
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Figure 4: The effect of the decrease of the discount factor on the IS and LM
curves
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Figure 5: The effect of an increase in productivity on the IS and LM curves

Summary

Using the IS and LM curves, we compared how the economy responds to
macroeconomic shocks in the presence of outside and inside money. Since
the curves in the two cases differ already in the no-shock baseline scenario
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and also react differently to the shocks, it is not surprising that we obtain
numerically different results in the model versions. On the other hand, if we
focus on the direction of change in real output, except for the productivity
shock, the results will not differ qualitatively: if the effect of a shock is
expansive for inside money, it will remain expansive for outside money.

4 Implementation of an interest rate rule

In the previous section, we have shown how the presence of inside money
modifies the macroeconomic effects of exogenous shocks if monetary policy
does not respond to them. At the same time, it may rightly be argued that
all of this is not really important, as if monetary policy responds to shocks,
these differences may disappear or become insignificant. The objective of
monetary policy is to facilitate the achievement of some certain macroeco-
nomic goals in response to exogenous shocks, and the central bank controls its
monetary policy instruments to achieve these objectives. In the case of inside
money, monetary policy must be implemented differently in order to achieve
the same macroeconomic goal compared to the case of outside money, but
the exact mechanism of implementation is not necessarily interesting from a
macroeconomic point of view.

Of course, this line of reasoning is based on the implicit assumption that
the same macroeconomic objective can always be achieved with monetary
policy, regardless of the role of the banking system in the process of money
creation. In this section, we will investigate the validity of this assumption.

We assume that the monetary policy behavior required to achieve the
above objectives can be described by the interest rate rule (16). The rule
is a relationship between the output and an interest rate, and it can be
represented by an increasing curve in the output-interest rate space. The
actual output-interest rate combination desirable to monetary policy is given
by the intersection of the IS and the interest-rate-rule curves.

We introduce the following notation for the output and interest rate de-
termined by the interest rate rule and the IS curve:

yir = yiT (Dtu)\tapta tLM7 tIS)u (41>
iir = 1 (Dtu)\tapta tLM7 tIS) (42)

Since the IS curve depends on the shocks and Dy, A\, p; (recall equation (26)),
yi" and i!" also depend on these variables.
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4.1 LM shocks

As pointed out by Poole (1970), an important advantage of conducting mon-
etary policy on the basis of an interest rate rule is that it stabilizes the real
output in the presence of fluctuations in the supply and demand of money.
This is illustrated by Figure 6 in the case of outside money.

In the figure, the LM curve shifts because money supply increases from
M? to M} due to an exogenous shock. If monetary policy did not react, the
equilibrium output would be the intersection of the IS and LM curves, so the
output would increase. If, on the other hand, monetary policy reacts in line
with the interest rate rule, then it must implement the allocation (1Y, ?) given
by the intersection of the unchanged IS and the interest-rate-rule curves.
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Figure 6: Money supply shock in the outside-money version of the model

If we denote the reaction of monetary policy by M,", the post-reaction
money supply becomes M; + M,;". Monetary policy must choose M, so
that the LM curve returns exactly to its original position.!? Using the no-
tation introduced in equation (35), we can express the formal condition for
implementing the interest rate rule:

y)? = gLM (ng ‘]\/[t>|< + Mt+7 77?7 tISO) .
The above condition is obviously satisfied if
Mt+ = (Mt* - Mto) )

that is, if monetary policy reduces the money supply by exactly as much as
it increased as a result of the exogenous shock.

10Suppose monetary policy controls the amount of money, but it can only do so with
some stochastic error (eM) After the error is realized (M; = M? + €M), it tries to correct
it (M; + M;").
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The example above illustrates why it is advisable to follow an interest
rate rule in the presence of inside money in the case of an LM curve shocks
(i.e. money market shocks). This is because by doing so the turbulence of the
money market does not cause unnecessary fluctuations in the real economy,
and the effects of the shocks can be completely eliminated.

In what follows, we examine whether the above implementation is feasible
in the presence of inside money in the case of shocks to money supply or
demand. However, the problem is now more complicated, since in contrast
to the case of outside money, the IS curve also reacts to changes in the
amount of money. That is, when monetary policy pushes the LM curve back
to its original position, the IS curve is also shifted, and it is not certain that
it will eventually return to its original position.

Although the task of monetary policy is more complicated in the case
of inside money, it has more instruments at its disposal: beyond the money
stock, it can also control A\; and p;, see section2.1.4. (Moreover, as shown
in Appendiz A.4, monetary policy can unambiguously be represented by Dy,
A and p; instead of M;, AF and AP.) As equation (20) reveals, monetary
policy can influence AP too. Furthermore, it is also able to act on B! and
VI via AP as shown in equations (21), (22). As a consequence, monetary
policy can offset the effect of changing money supply on the IS curve by the
change of B and Y, see equation (24).

Let D; denote how much monetary policy changes the money supply in
response to shocks, and A\ and p; the values of the variables in question
as determined by the monetary policy response. Then, in order to stabilize
output, the monetary policy response must meet the following conditions:

0 _ IS (:0 = + Y+ .+ ¢LMx ¢ISO
Yy =¥ (ZtaDt+Dt’)‘t7pt>t ) St )v

0o _ LM (-0 * + Y+ + ¢LMx IS0
Yy = ¥ (ZtaDt + DN 080T )

where we applied the notations introduced in equations (26) and (27). As
discussed in Appendiz A.7, there exist D;", A\, p/ which satisfy the above
conditions. Generally, the solution only makes economic sense if 0 < A\ < A,
and 0 < p/ < 1. However, there is no guarantee that an economically
meaningful solution will be found for shocks of any magnitude. If not, the
monetary policy that would stabilize the output cannot be implemented.!!

HTf we take the interest rate rule strictly, in the case of inside money, monetary policy
should not push back the curves to the starting point. This is because in the presence of
inside money, the shocks of the money market shift the IS curve as well, and instead of
the starting point, the LM curve should be pushed to the intersection of the IS and the
interest-rate-rule curve. At the same time, this point is very close to the starting point,
and if the starting point is targeted, we retain the useful feature seen in the case of outside
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Generally it is not the case that all monetary policies that can be imple-
mented in the case of outside money can also be implemented in the case of
inside money. In the following we examine in what range of shocks ¥ and
n; the interest rate rule can be implemented, or, in other words, the output
can be fully stabilized. Recall that yi*'™ is the output determined by the
intersection of the IS and LM curves, see equation (28), that is, the output
level that the shocks would cause without a monetary policy response. As
discussed in the previous section, we limit our attention to moderate shocks,
that is, where the effect on output in the absence of monetary reaction is less
than 5 percent.

We also exclude policies which require unrealistically low values of i® for
their implementation: the smallest possible value of if* we consider is -1%.12

First, consider the exogenous change of \;, which can be interpreted as a
money supply shock in the inside money case. As discussed in section 2.1.4,
a decrease of )\, results in a decrease of \; and an increase in the money
supply, D;. It is easy to show that in this case, if \;” and p; are chosen in
such a way that they restore the pre-shocks value of ¥, in equation (20), and

then the money supply shock can be eliminated and the output remains equal
to 1?.

Figure 7 displays the range [0.6463, 0.84] around the baseline value (\° =
0.7464) where the deviation of y#'™ from ¢? is no more than 5 percent (see
the left panel). The right panel reveals that over the whole range 0 < A\ < ),
and 0 < p; < 1, that is, the interest rate can be implemented, and the output
can be stabilized at y?.

The next shock we investigate is a shock to the households’” money de-
mand. Contrary to the \ case, it is not always possible to neutralize the effect
of the shock within the range that would result in less than 5 percent change
in the output without the response of monetary policy. The baseline value of
n; is 0.0241. As it turns out, monetary policy can fully offset shocks that are
within the range of [0.0216,0.0257], which would correspond to a change in
output between —3.35 and 5 percent without monetary policy reaction (see
Figure 8).

money that turbulences in the money market do not cause real economic fluctuations at
all.

12As discussed, there is no cash in our model, so the zero lower bound on nominal
interest rates does not appear explicitly. However, we want to avoid examining cases that
are irrelevant in practice. Therefore, we exclude from our analysis the cases where the
interest paid on the central bank reserve is unrealistically low.
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Figure 8: Implementation of the interest rate rule — households’ money de-
mand shock

The figure also reveals that the appropriate policy in this case leaves the
money supply unchanged, that is, D" = 0, and the positions of the IS and
the LM curves are adjusted only by A\ and p;".

4.2 IS shocks

As an illustrative example, let us first examine how the monetary policy
based on the interest rate rule can be implemented in the outside money
version of the model in the presence of households’ discount factor shock.
In this case, monetary policy should achieve the output determined by the
intersection of the moving IS curve and the interest rate rule (see Figure 9).
This is possible by shifting the LM curve to this point by changing the money
supply.
Formally, M,;” must be chosen so that the following condition is met,

~irx __ , LM,om (~irx + I1S*
Yy =Y (Zt aMt+Mtant> t )7

~Urk AT

where 7;"* and 7" are determined by the IS and the interest-rate-rule curves.
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Figure 9: Households’ discount factor shock in the outside-money version of
the model

In the case of inside money, the problem is similar to that of the previous
section: if the LM curve is shifted to the desired point by changing the
money supply, then the IS curve will move away from the intersection point.
This can still be handled by changing monetary policy to affect A, and p,.
Formally, the following conditions must be met:

y™ =y (@7, Do+ DN o M0 €
y;r* — yLM ( 47 Dt + D:—’)\t P 7§tLM0 515*),

where, using the notations introduced in equations (41) (42), y/™* and i"™* are
defined as

yzr* = (Dta)\tapta oM 1515*)7

ATk 17“ LM #IS%
(2 — (Dta)\tapta ) St )7

that is they are determined by the intersection of the post shock IS curve
and interest rate rule.

In the following, we examine the size of the shocks for which the monetary
policy defined by the interest rate rule can be implemented in the manner
defined by the above equations, and we measure the output effect of the
shocks by the Change of yi™ relative to yP. Again, we focus on the range of
shocks when |yi" — 9| is no more than 5 percent, and exclude policies which
require too low values of A® to implement.

First, we investigate shocks to the discount factor (/3;). Its baseline value
equals to 0.97. Although, in finite time horizon it is not necessary to assume
that 8, < 1, we use this widespread assumption, hence the highest value of
B we consider is 0.999. In a wide range of 5, the interest rate rule can be
implemented. Figure 10 displays the range of [0.8052,0.999] where at the
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Figure 10: Implementation of the interest rate rule — households’ discount
factor shock

lower limit the output is higher by 5 percent than its baseline value, as the
left panel reveals.

In the case of the productivity shock the central bank can implement the
interest rate rule over the full range of shocks that cause output fluctuations
of up to 5 percent, that is over the interval [1.3201, 1.4063| (baseline value is
1.3633).
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Figure 11: Implementation of the interest rate rule — productivity shock

4.3 Summary

In this section, we have demonstrated that the interest rate rule can be
implemented for inside money as well, but requires a more sophisticated
monetary policy than for outside money. It needs all the three instruments
of monetary policy used in a coordinated way.

In the case of money supply, discount factor shocks and productivity
shocks, the above implementation is possible for a fairly wide range of shocks.
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In the case of money demand shock, the interest rate rule can only be
implemented in a narrower range of possible values of shocks. In this case,
the problem is that for large enough shocks, unrealistically low values of i
(interest paid on reserves) would be required for implementation.

5 Approximation of the interest rate rule

In the previous section, we saw that it is possible to implement a monetary
policy based on an interest rate rule even in the case of inside money, but we
have also shown that this is only true for a limited range of shocks.

But there is another problem with the implementation. In order to be
perfectly able to implement the interest rate rule, the central bank must know
the exact structure of the economy and the numerical values of the parame-
ters, and on this basis it must coordinate the control of its three instruments
with extreme precision. In reality, central banks do not have such an ac-
curate knowledge of the economy and cannot conduct such a sophisticated
monetary policy.

Therefore, in this section, we examine the consequences of the limited
ability to implement the interest rate rule. Specifically, we assume that the
central bank responds to shocks only with the money supply, and as a result,
it can only approximately stabilize the output in the presence of LM shocks
and reach the (y;"*,4/"*) allocation in the presence of IS shocks.

Let us denote the central bank’s post shock reaction in money supply
by Df. Assume that the central bank chooses this so that the IS, LM, and
interest-rate-rule curves intersect each other at the same point, but this point
does not necessarily match the (y?,4?) or (yi™*,i¢"*) allocations. That is, D¢
is chosen in such a way that the resulting (y¢,i?) allocation satisfies the
following conditions:

vi = y" (D} +DiA o €6
iy = " (D;Ek + D, Ay, prs tLM*’ 1{5*) )
vt = y"M (i, Df + DEN e €6
The first two conditions guarantee that (yf,:¢) is at the intersection of the

IS and the interest-rate-rule curves. The third assures that the LM curve is
also on this point.

5.1 LM shocks

Figure 12 displays the approximate implementation of the interest rate rule
for the money supply shock. The left panel shows the shift of the IS and LM
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curves as a result of the shock without monetary policy response. The symbol
‘%’ represents the (y?,4?) allocation that monetary policy would achieve if
the interest rate rule were perfectly implemented.

The right panel shows the shift of the IS and LM curves as a result of the
monetary policy response. The symbol ‘4’ represents the (y,{) allocation.
The figure reveals that the two allocations are very close to each other, so
in the case of a money supply shock, the simpler monetary policy closely
approximates the results of the sophisticated one.
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Figure 12: Approximate implementation of the interest rate rule — money
supply shock

This is confirmed by Table 1. The table shows the fluctuation of output
for different sizes of the shock if there is no monetary policy reaction, and
the extent to which the approximate implementation of the interest rate rule
will stabilize output. It is clear that the stabilization is quite successful:
even in the case of shocks capable of causing 5 percent change in output, the
approximation deviates from y? at most by 0.07 percent.

Table 1:
A; | 0.8400 0.8030 0.7654 0.7272 0.6879 0.6463
yistm 95 97 99 101 103 105
Y0 100 100 100 100 100 100

Yy 99.94 9996 99.99 100.01 100.04 100.07

Figure 13 displays the approximate implementation of the interest rate
rule in the case of households’ money demand shock. It can be seen visually
that the error of the approximation is now larger than in the previous case.

This is confirmed in Table 2. Even in the case of shocks that could
potentially cause 5 percent output fluctuations, monetary policy allows only
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Figure 13: Approximate implementation of the interest rate rule — house-
holds” money demand shock

Table 2:
n;  ]0.0265 0.0255 0.0245 0.0236 0.0226 0.0216
yistm 95 97 99 101 103 105
y? 100 100 100 100 100 100

vy 100.26 100.15 100.05 99.95 99.85 99.74

around 0.25 percent fluctuations. So it can neutralize around 95 percent of
the output impact of the shock. Although this is an order of magnitude larger
fluctuation than in the previous case, it is still a fairly successful stabilization
of the economy.

5.2 IS shocks

Figure 14 displays the approximate implementation of the interest rate rule
for the discount factor shock. As can be seen, similarly to the money supply
shock, the approximation is almost perfect in this case as well, which is also
confirmed by Table 3

Table 3:

By 10999 0.9333 0.8658 0.8052
Y 199.25 101 103 105
yy 199.23 101.02 103.06 105.11

In contrast to the previous case, as Figure 15 reveals, in the case of a pro-
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Figure 14: Approximate implementation of the interest rate rule — house-
holds’ discount factor shock

ductivity shock, the error of approximation is no longer negligible, although
it is still not very large. The figure also shows that in the case of an approx-
imate implementation, the shock causes more fluctuation in output than in
the case of a perfect implementation.

Table 4 also demonstrates that the approximate implementation amplifies
the output effect of shocks by increasing it by about 1.06 times.
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Figure 15: Approximate implementation of the interest rate rule — produc-

tivity shock

Table 4:
;1 1.3201 1.3374 1.3547 1.3719 1.389 1.4062
Y 95 97 99 101 103 105
yg | 94.75 96.84 9895 101.06 103.18 105.34
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5.3 Summary

In this section we considered what happens when the central bank has limited
ability to pursue sophisticated monetary policy and controls only the supply
of reserves.

We found that, of course, it is not possible to perfectly implement the
monetary policy rule in this case, only to approximate it, but the error of
the approximation does not seem significant from a practical point of view.

6 Conclusions

We generalized the traditional IS and LM curves to dynamic general equilib-
rium models to examine the macroeconomic consequences of banks’ creation
of inside money. We used a simple dynamic model to study the problem,
however, our framework based on the generalized IS and LM curves can be
applied in more complex general equilibrium models, too.

The starting point of our analysis was the observation that financial inter-
mediation and the provision of transaction instruments cannot be separated
in the modern banking system, they are inherently mixed. The close connec-
tion of the two function creates a link between the IS and LM curves since the
financial intermediation function is part of the relationship between savings
and investment, or, translated into the language of modeling, of the IS block
of macroeconomics models, while the provision of transaction instruments
is part of the LM block. Hence, unlike in models only with outside money,
changing the money supply affects both the IS and LM curves. Moreover,
this is true not only for monetary policy, but also for all exogenous shocks.
In models with only outside money, one can imagine exogenous shocks which
shift either the IS curve only or the LM curve only. However, adding inside
money to the model creates a new link between the IS and LM curves, and
it is no longer possible to affect the two curves separately.

First, we studied the impact of exogenous macroeconomic shocks in the
case of passive monetary policy. Due to the above additional relationship
between the two curves, there is always quantitative difference between the
impact of shocks in a model version with only outside money and the version
with inside money. However, despite the quantitative differences, the results
are qualitatively similar in the two model versions.

Then we examined whether the approach of the New Keynesian literature
is valid, namely, whether the macroeconomic effects of monetary policy can
be satisfactorily described by an interest rate rule and the IS block of the
model without addressing the details of the money supply. We have shown
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that despite the complexity of the creation of inside money, it is possible to
implement perfectly a monetary policy based on the IS curve and an interest
rate rule, although it requires a more complex toolkit of monetary policy
implementation than assumed in models with only outside money.

However, the above equivalence result is valid only in certain limited
ranges of the shocks. That is why, in addition to the perfect implementation
of a policy based on the interest rate rule, we also examined its approximation
and we have found that the error of the approximation is rather small for
most shocks.

This paper has demonstrated that a framework based on the generalized
IS and LM curves is suitable for investigating problems where the details of
the money creation process of the banking system matter. We have shown
that the approach of the New Keynesian macroeconomics to examine the
effects of monetary policy using the IS block and the interest rate rule of the
model, abstracted from money creation, is justified.

In our paper, we examined the role of inside money under normal cir-
cumstances when the economy is not hit by extreme shocks and the nominal
interest rate does not reach its zero lower bound. A natural extension of
this research could be to use the framework of generalized IS and LM curves
to examine situations where the nominal interest rate has reached its lower
bound, the economy is in liquidity trap, and the abundance of liquidity makes
monetary policy ineffective. The applied framework is also suitable for an-
alyzing issues related to the money creation process such as unconventional
monetary policies or central bank digital currency.

42



References

1]

2l

13l

4]

5]

6]

191

[10]

[11]

Arciero, L., R. Heijmans, R. Heuver, M. Massarenti, C. Picillo and F.
Vacirca, (2016). How to Measure the Unsecured Money Market: The
Eurosystem’s Implementation and Validation Using TARGET2 Data,
International Journal of Central Banking, 12(1), 247-280.

Bigio, S. and P.O. Weill (2016). A Theory of Bank Balance Sheets,
UCLA.

Boissay, F., F. Collard and F. Smets (2016). Booms and Banking Crises.
Journal of Political Economy, 124(2), 489-538.

Calice, P. and N. Zhou (2018). Benchmarking Costs of Financial In-
termediation around the World, Policy Research Working Paper Series
8478, The World Bank.

Clarida, Gali and Gertler (1999). The Science of Monetary Policy: A
New Keynesian Perspective, Journal of Economic Literature, 37(4),
1661-1707.

Clerc, L., A. Derviz, C. Mendicino, S. Moyen, K. Nikolove, L. Stracca,
J. Suarez and A.P. Vardoulakis (2015). Capital Regulation in a Macroe-

conomic Model with Three Layers of Default, International Journal of
Central Banking, 11(3), 9-63.

Curdia, V. and M. Woodford (2016). Credit Frictions and Optimal Mon-
etary Policy, Journal of Monetary Policy, 84, 30-65.

Deutsche Bundesbank (2017). The role of banks, non-banks and the
central bank in the money creation process, Monthly Report, April 2017.

Eggertsson, G.B and P.R. Krugman (2012). Debt, Deleveraging and the
Liquidity Trap: a Fisher-Minsky-Koo Approach, Quarterly Journal of
Economics, 127(3), 1469-1513.

Gali, J. (2015). Monetary Policy, Inflation and the Business Cycle —
An Introduction to the New Keynesian Framework and its Applications,
Princeton University Press.

Gertler, M. and N. Kiyotaki (2015). Banking, Liquidity, and Bank Runs
in an Infinite Horizon Economy, American Economic Review, 105(7),
2011-2043.

43



[12]

[13]

[14]

[15]

[16]

[17]

18]

[19]

[20]

21

22]

23]
[24]

[25]

Godley, W. and M. Lavoie (2007). Monetary Economics — An Integrated
Approach to Credit, Money, Income, Production and Wealth, Palgrave
Macmillan.

Goodfriend, M. and B. McCallum (2007). Banking and interest rates in
monetary policy analysis: A quantitative exploration, Journal of Mon-
etary Economics 54, 1480-1507.

Jakab, Z. and M. Kumhof (2019). Banks Are Not Intermediaries of Loan-
able Funds — Facts, Theory and Evidence. Bank of England Staff Work-
ing Paper No. 761.

Jordan, T.J. (2018). How Money is Created by the Central Bank and
the Banking System, Swiss National Bank.

Lagos, R. (2006). Inside and outside money, Federal Reserve Bank of
Minneapolis Research Department Staff Report 374.

Maclay, M., A. Radia and R. Thomas (2014). Money Creation in the
Modern Economy, Bank of England Quarterly Bulletin, 2014 Q1.

Piazzesi, M. and M. Schneider (2018). Payments, Credit and Asset
Prices, BIS WP 734.

Piazzesi, M., C. Rogers and M. Schneider (2021). Money and banking
in a New Keynesian model, manuscript, Stanford University.

Poole, W. (1970). Optimal Choice of Monetary Policy Instruments in a
Simple Stochastic Macro Model, Quarterly Journal of Economics, 84(2),
May, 197-216.

Rivero Leiva, and H, Rodriguez Mendizabal (2019). Self-fulfilling runs
and endogenous liquidity creation, Journal of Financial Stability, 45,
1-15.

Rodriguez Mendizabal, H. (2017). Narrow banking with modern depos-
itory institutions: Is there a reason to panic?

Shin, H.Y. (2010). Risk and Liquidity, Oxford University Press.

Tobin, J. (1963). Commercial banks as creators of ‘money’, Cowles Foun-
dation Discussion Papers No. 159.

Vilagi, B. and B. Vonnak (2022). A Simple Framework for Analyzing
the Macroeconomics Effects of Inside Money, MNB (Central Bank of
Hungary) Working Papers, 2022/3.

44



[26] Werner, R. (2016). A lost century in economics: Three theories of bank-

ing and the conclusive evidence, International Review of Financial Anal-
ysis 46, 361-379.

[27] Woodford, M. (2010). Financial Intermediation and Macroeconomic
Analysis, Journal of Economic Perspectives, 24(4), Fall, 21-44.

45



A Appendix

A.1 Parameter values

The parameter values of the model are chosen in such a way to match the
most important stylized facts of the banking system and the aggregate econ-
omy.

Table 5 displays the steady-state values of balance sheet items of the
banking system (P = 1). The items represented in the table imply that

e The steady-state value of the money multiplier D/M = 5, see the online
dataset of Maclay, Radia and Thomas (2016).

e The ratio of stable and liquid liabilities F"/D = 1 which is in line
with Bigio and Weil (2016, page 5) who claim that demand deposit
correspond to 50-60% of banks’ liabilities. The empirical share of time
deposits is significantly smaller, only 10-20%. However, in our model
F represents all other types of stable liabilities, hence it is not the
exact theoretical counterpart of time deposits in reality. That is why
we choose higher share for F".

Table 5: Balance sheet of the banking system — baseline values

Assets Liabilities

M =222 | FCB =292
L =20 Fh=8.89
D=11.11

In our model there is no explicit lower bound for nominal interest rate
(there is no cash in the model), however, we still want to avoid zero nomi-
nal interest rates in the simulations. Therefore we choose a relatively high
baseline value for the nominal interest rate: ¢ = 0.0309. We choose [ to
be consistent with the baseline interest rates, that is, § = 1/(1 + i), since
the expected inflation rate is zero. Since this is a stylized model, there is no
clear interpretation of the length of time periods, therefore, it should not be
inferred from the magnitude of households’ discount factor either.

AR = AP = 0.97 implying if = P = 0. AL = 1.08, that is, we assume
8% premium on risky corporate loans which is roughly consistent with the
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equity premium literature. (In our model there are no equities, corporate
loans represent all types of risky assets.)

We assume that the volume of loans and deposits have very moderate
direct impact on the above spreads: one percent increase of loans/deposits
induce 10 basis points increase in the loan rate/deposit rate spread, that is
é* = 0.0019 and ¢P = 0.0039. We assume that the cost function parameter
capturing the cross effect of D; and L; is weaker than the parameters of the
direct effects, that is, ¢P* = 0.0015. If we also assume that one percent
increase in the loan stock implies on average 0.43 percent increase in demand
deposits, these parameters are consistent with Calice and Zhou (2018), who
estimated the effect of gross loans on the net interest margin from bank-level
panel data on more than 14,000 commercial banks in 160 countries for the
period 2005-2014.

The baseline consumption is 80%, the baseline investment is 20%, the
baseline cost of intermediation is 1.25% of the real GDP.

The following tables display the values of the parameters and the steady-
state values of the exogenous variable used in the model.

Table 6: Parameter values of the model

n z

Name‘ a a a 6 0 w v o ©
Value\49.70 1 067 6 1.2 0.0006 2 0.5 0.001

Name ‘ 7_F 7—_L (bL 7—_D ¢DL ¢B
Value‘0.004 -0.0033 0.0025 0.0482 0.0015 0.1656

Table 7: Steady-state values of the exogenous shocks

Name ‘ A n o] A
Value | 0.7464 0.0147 0.97 1.8178

A.2 The solution to the households’ problem

In this paper we consider the effects of unexpected temporary shocks at date
t. We assume that households do not expect further shocks from date t + 1
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onward. Hence after the realization of the shocks at date t they solve a
deterministic problem.
The Lagrangian of the household’s finite horizon optimization problem:

T+1 1—v 1-v
ot (Dyii/ Py
£ _ 2 :Ft+j ( t+j + Ct—i-j ( t+j/ t+]) N Spnt+j)
Jj=0

1—v 1—v
T+1
+ Z Uttj (Wt+jnt+j +Wyyj + Doy + Ty + (1 + Z.t+j—1)FtI:bi,-j_1 + (1 + it[jrj_1) Dt+j—1)
=0
T+1
=D Vg (Prgrns + Doy + F) -
=0

The first order conditions with respect to ¢;;:
Y .
Lirjes = Py

with respect to n;:
Liyjo = Wi
with respect to Ft’fH-: '
Vg = (14 de45) Vgt

and with respect to Dy ;:

Ft+j<t+j (dt-i-j)_V = Pzﬁ+jUt+ja

where dyyj = Dyyj/ Py
Combining the first order conditions one can easily derive the Euler equa-
tion
oy = Brri (L +714) 6415
where ,
L+ 4
Priji/Pivjn

is the real interest rate. The Euler equation can also be expressed as

1 +rt+j =

Cejr = B (1 +105)° g, (43)

where o = v~!. From the first order conditions with respect to ¢; and n; one
obtains the labor supply:

v Wt ]
oy = Wi ”



Consider the first order condition with respect to D; and divide both side
by v;:
Cogi (digi)™" Uy .
t+J< t+J) _ Pt+j 1— tj+1 (1+Z£rj)
Ut+j Ut
Using the first order conditions with respect to Ft’ij and cy;, this can be
rewritten as
(dL )Y
Ct+](,t;rj> :1_A£|_j7
Citj
where AP, = (1+i7.;)/(1+14;). Rearranging it yields the money demand
at date 1: 0
. t+j )
dt+j = mct+]. (45)

t+j
Recall that
Y =W, + Wenk + 11, + D, + T4,

and define

Then the budget constraints can be written in real terms as follows:

h h h D
ft+j I e divj ft+j—1 At—l—j—ldt—i—j—l

t+7j t+j t+5—1 t+7—1
Rt-l—] Rt-i-J Rt+] Rt-f-]

)

forall j=0,---,T, and

h h h D

fPrd Yo —avra | fir | Appder
- )

thH-T—l-l R§+T+1 R;H—T R§+T

where f; = F/\;/Peij, divj = Divj/Prvy, AL = (1+147;)/(1+ ;) and

Ri_l = (1+Tt—1)_17 Rizl,
R = ()14 ) (), >0

Applying recursive substitutions yields the following present-value budget
constraint:

T T+1
Z Ceyj + (1 — Aﬂj) diyj Cr+1 7+ ZJF: yﬁr]’ B f+d
RiJr] R€+T+l 3 pu R§+] R;H-T-i-l’

J=0

where
g =y (L) + (L e )AL dy,
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Substituting the Euler equation (43) and the money demand equation (45)
into the above formula yields

T
[Z <1 n 77( Ag_])l—a) 5]-0 (Riﬂ‘)a—l +B(T+l (RT+1) -1 ¢ =
j=0

T+1

yt+] +d
+ Z Rt-i—j B Rt+T

After rearranging, we obtain the following consumption function:

t — B/tT 3
where
T -
BtT _ Z (1 s (1 tﬂ) 0) BJO' ( t+j)¢7— _'_B(T+1 (Rt+T+1) 7
j=0
and

T

yT_Z yz{l—i-j B f+d
= . 7
‘= Ri-f—] Ri-ﬁ-

Consequently, the real savings function becomes

B -V =Y
BY ’

—h
St =Y — G =

By combining equations (4), (13), (17), (40) and condition Pk, = W/nf
one can show that

yf =y — (1+ Tt—l)ft]il + (1 + thl)Agldtfl-

As a consequence ' = y; and the consumption function can be expressed as

Y + ytT
= 46
Ct Bg“ ) ( )
and the real savings function as
Bf — 1)y, — VI
St:( t )yt yt‘ (47)

B!
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Combine equations (45) and (46) to get a formula for real money demand,

U ye + Y

d:
" (1—-APY B

and the demand for time deposits is given by
fth = St — dt.

In the outside-money version the first order conditions have the same
form. As a consequence, money demand is the following:

Tt
= AT (48)
where m; = M,;/P,, and the spread AM = 1/(1 + i;) since the interest rate

paid on M, is zero.
To find the consumption function, first, define

N v 1+ Dy
Yy = weng +Fwyny + ———,
P,
thus T
h ~h t
Yy =Y + B’

As a consequence, the intertemporal budget constraints become

T
Q+ﬁ+mzﬁ+ﬁ+ﬂﬂywh+mm
t

In equilibrium 7; = M; — M;_, thus
at fl =00+ (L) fl

Furthermore, equations (4), (13), (17), (40) and condition Pk, = W{nf
imply that
g+ (L +re) fly =

Thus the series of budget constraints can expressed as,

/\h )
Jevi Uiy — Cvg o frei 0 T_1
Rt - R R s T D
t t t
~h
f Y —CGtr | fera
+T+1 +T+1 +T
R R; R
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Applying recursive substitutions yields

T

Ctvj ytJr] /
Z RH-J =Yt Z t+J o R§+T+1'

Substituting the Euler equation (43) and the money demand equation (48)
into the above formula results in

o (R -1 Yt /
D ot
t

One can obtain the consumption function by rearranging the above formula:

gth + Y;om,T B n + Y;om,T

C =

om, T - om, T
B; B,
where
r 1
om, T io t+5\7
Byt =Y "7 (RY)
Jj=0
and

T

h
yomT _ Yvj f
A = E :
J

R;H—] R?T“

A.3 The cost minimization problem of retailers

The cost minimization problem of an input producer is the following:

min Win, + Pz,

nt,2t

subject to

1—
a"n, "+ az >y,

where W, is the nominal wage. Here we dropped the (j) index to simplify
the notation.
The Lagrangian of the cost minimization:

L=Wmny+ Pizp+v (yt — a”n% > — azzt) ,

where v is the multiplier.
The first order conditions with respect to labor and intermediate goods
are

W, =va"(1 — a)n, @
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Pf =wva®.

Eliminating v yields the demand for labor,

and by substituting it into the production function we get the demand for
intermediate goods:

ye—a'n, "

a= T

Hence the cost function:

z

P
C(Wt, Rf, yt) = tht + a_tz (yt — a"ntlfa) .

Since labor demand does not depend on the output, the marginal cost func-
tion is simply
PZ
./\/lCt = —t

az

A.4 The solution to the banks’ problem

Banks solve the following problem:

D D
e[
subject to
M, — \:D, > By,
My + L, = D;+ F,,
and

l"tZO»

where Tt — Lt; Mta Dt; Ft and

Dy = (144l )) Ly + (144f)) (Mt_l — M1Dyy — Bt_1> +(1+i2,) B,
(1+i1)Fry — (1+42) (1 - Xt_l) Dy 1 — P,

Di = (14if) Lot (1+3f) (M= ADy = B) + (1+3F) By
(1+i)F, — (1+iP) (1 - Xt> Di — Poptkiesn,
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and

5t:5t_ ¢ = 1—9—7%.
Multiplying the objective function by a positive constant does not alter
the results, therefor we can multiply it by P;
1 P 1

LDy 4Dy = ——
1+Tt Pt+1 i K 1+’Lt

—v
(e 1
v

Dt+1 + Dt.

Date t —1 variables do not constraint the date ¢ decisions. Hence they can be
treated as constants from the point of view of optimization. Hence all date
t — 1 terms can be omitted from the objective function. On the other hand,
date t decisions do not have any impact on x;,1, therefore we can omit those
terms as well.

Expressing F; from the balance sheet constraint and substituting into the
modified objective function yields

1 -L 1 R R N 1 ‘B N
Rl (= AD— B, (M) + Tl B, (A)

1+Zt t 1+’lt 1—|—Zt
1+4P “

— +Zt (1_)\t>Dt+Dt_Mt_Lt_PIfK/t°
1‘|—'lt

We can form the Lagrangian of the optimization problem by the above
expression and the liquidity constraint:

c(M) = afLe+af (M= ADi - B (A)) +A7B, ()
AP (1—&) Dy + Dy — My — Ly — Py +
o (Xt> (Mt ~\Di - B, (XQ) ,
where
1+F
144’

1+
1+

1+4P
1+’

| 4P
AP AR AB AP 11@; |

The Lagrangian is a function of the liquidity shock )\ since the variable
B; and the multiplier p; are also functions of it. The expected Lagrangian

can be calculated as
eilel= [ (3o (3) ad

where g(%) = 1/(2]) is the density function of the uniform distribution on

the [—A\, A] interval.
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First order conditions

The variables L;, M,;, D;, F; are independent of 5\t, which is the result of the
timing of decisions, since they are determined prior to the realization of .
On the other hand, when B, and p, are determined, A is already observed.
Thus, while the first order conditions for interbank lending have to be met for
all possible realizations of the liquidity shock, for the other choice variables
only in expectation.

Formally, the first order condition with respect to B;:

oL <>\t) “ Y
——— =0, for all \; € [=\, \f].

B, (xt)
The first order conditions with respect to L;, M;, D, and F}:
0E; [L£] <0,
5’xt -

where x; = Ly, M;, D,, F;. The inequalities in the above conditions are due
to the non-negativity constraints. A strict inequality implies that x; = 0.

To find the solution beyond the first order conditions one also needs the
constraints and the complementary slackness condition:

" (Xt> (Mt —\D;— B (Xt» — 0, for all A; € [~ A, Adl.

That is, a positive y; implies a binding constraint, M; = j\tDt + B;. On the
other hand, if M; > j\tDt + B; then p; = 0.

To derive the first order condition with respect to By, first calculate the
marginal cost of B;. Using equation (8) one can obtain

P, ~
8—”? = 2¢Bf0t (>\t> )
OB, (/\t)
where )
B
0 (3) = )
M, — N\ D,
Therefore the first order condition:

AtB — Aﬁ — 2¢Bpt (5\t> — MUt = 0 for all j\t S [—j\t, /_\t]

First, consider the case when the bank has enough reserves to meet the
interbank payment obligations due to the liquidity shock, if any. This is the
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case when )\, € [~ s, A]. These banks are potential lenders on the interbank
market. We assume symmetric solution, that is,

BN o
Pt ()\t> = m =p < 1 for all )‘t € [—)\t, )\t] (49)

Later we will show that such a symmetric solution is consistent with an

equilibrium on the interbank market. Since p; < 1

B (Xt) < M, —\D; forall A€ [—A .

Then the complementary slackness condition implies that (5\15> = 0 for all

;\t € [—S\t, A¢]. Therefore the first order condition for the lenders becomes
AP = AR 1 92¢Bp, forall A € [—A, A (50)

Now, consider the case when the bank has to borrow on the interbank
market, because its reserves are not sufficient to cover the deposit outflow,
that is when M; < \;D; or, equivalently \; € ()\;, \¢]. For such a bank B! = 0,

thus p, (5\t> = 0 and, consequently, the first order condition becomes

AP = ARy, forall A € (=M, A (51)
Since 1y = AP — AF > 0, the liquidity constraint will bind and
Bf - XtDt - Mt' (52)

The first order condition with respect to M; is

h)
/ (AF=1=7"+ p+6%0t) g (A) dh <.
X
Since we have just shown that if M € [= ¢, \] then py = 0, pe > 0, and if
At € (A, A¢] then py > 0, p = 0, and both are independent of A inside these
two intervals, the above integral can be decomposed as

At

@15 [ (3) ke [0 (3) o [

(V) dizo.
At

Since

/:t g (A) dA=1-G\), /1 g ()\) dh =G\,

AL
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and focusing only on solutions in which M; is positive, the above condition
simplifies to the following equation:

Aff 4 [1 =GO+ ¢PpiG(N) =14 77 (53)

Sin_ce we assume that 5\t is drawn from a uniform distribution over the interval
[— A, ], as we will show later, the above formula has the following closed
form solution:

0
AR+ = pPp =1+1F 54
t 2)\ /’Lt+2)\t¢ +7— 9 ( )

where §; = max [O, A\t — )\t] and ¢ = max [25\1;, A+ )\t].
The first order condition with respect to L; is
A
/ (AL—1—T _r —2¢L F Pt )g(A)d)\SO.
—S\t

Since all terms inside the integral are independent of j\t, in equilibrium with
non-zero lending the previous expression simplifies to

L D
AL =14 7L popl =t _ pPLZE

where 7L = 78 + 7L

The first order condition with respect to Dy is

At
/ (A?—1—7F+TD—¢DL5)9(X) A+
X I
)\t N N N
/_ )\(ut+¢Bpf+Af—Af)g</\> dA > 0.
X
Taken into account that if \; € [—A¢, \¢] then py; = 0, p; > 0, and if M\ €
(A¢, \¢] then p; > 0, p; = 0, in equilibrium with positive demand deposit the
above condition can be rewritten as

L Moy
AE+TD+2¢D ¢>DL—+M/ Ag(A) dA
At

By I
A N
—1+7F - ¢Bp§/ g (A) dA. (55)
X\t
assuming uniform distribution implies that the above equation becomes
B L 04Gt
AP —1_zD prtt _ 4B 2y %t 56
t T +¢ Pt (:ut ¢ pt) 4)\157 ( )
where 7P = 7P — 7F,

Finally, time deposits (F}) are determined by the balance sheet constraint:

Ft:Mt+Lt—Dt.
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Equilibrium on the interbank market

Since the banking sector is homogeneous and banks are similar before the
liquidity shock, in equilibrium all banks choose the same M;, L;, D;, F; and,
as a consequence, the same reserve ratio )\;. Since there is a continuum of
banks in the model, the cross sectional distribution of M can be described
by the probability distribution of A

The interbank equilibrium condition is

B!+ B°E = B?, (57)

where 0 < B¢B < B? is central bank lending on the interbank market and
At . 1 R
Bl = / B (A) —d ),
Xt 2)\,5
X NEE
B = / B (A) d A,
At 2)\t

where 1/ (25\,5) is the uniform probability density function. Equation (52)
implies that

A
t o, 1 R
Bf:/ ()\—)\t> Digr-dA (58)

Liquidit‘y inflow

Total liquidity

Liquidity supply

Liquidity demand

Liquidity inflow and total liquidity
! <

A 0 A X
Liquidity shock: A

Figure 16: Liquidity demand and supply

In Figure A.J the blue triangle represents BY/D;, the total demand for
liquidity per unit of demand deposit on the interbank market. Since the area
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of the triangle is equal to 67/ (4)\),

o

Bf = L
4N

D,. (59)

In Figure A.4 the inflow per unit of demand deposit as a function of A
is represented by the dashed line. However, the total liquidity of potential
lenders (5\t < \¢) is greater than the aggregate liquidity inflow, since they
can lend their reserves plus the M:D;. The total liquidity per unit of demand
deposit is represented by sum of the yellow and red triangle, its area is equal
to ¢/ (45\t). Hence the total excess liquidity (7'L;) is clearly greater than
the market demand for liquidity,

2 52
TL, =t p, > 2t

LD, =B
Iy iy

We assumed that each lender supplies the same p; fraction of its available
liquidity as equation (49) indicates. As a consequence, p; < 1. The total
liquidity supply is equal to p; times the total liquidity, that is,

A
t o, 1 N
Bl =p, / <)\ - At> Di—~d A = p,TLy. (60)
Y 2\

Now we can express equilibrium condition (57) as

pTL, + BB = BY.
Rearranging it yields

B — B¢P

S B N
Pt TLt )

since TL; > BY and 0 < B¢B < BY.

The impact of monetary policy on the interbank market

Rearranging equation (50) results in

AB _ AR

Pt = 267

Combining equations (50) and (51) provides

e =20"p. (61)
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Then substituting the above expression into equation (54):

Aﬁ+£imﬁm+§i¢%}:1+#ﬂ
that is, - -
Atzrt 205 py + At;f oPp} =1+ 7" — Al
Rearranging it yields a solution for A,
At = gk,
where

_ (24 p) —2 (1+7F = AF)

my =
' P pe(2 — pr)
Using the definition of \; yields

> 0.

M,
Dy = =,
iy
Using formula (61) equation (56) can also be expressed in a simpler way:
B L 04St
AP — 1 _ =Dy gbrtt _ouB, 4B 2 0t
t T+ ¢ P, <¢Pt ¢Pt)4)\t

As shown, M;, AF and AP clearly defines p;, A\; and D; However, this is
also true the other way round:
j\t - At
2\
AP = 29%p + A
M, = M\Dy.

_S\t—i_AtBQ

Af = 1+TF_ 25\ Pt
t

2<Z5Bpt

That is, (M, A AP) and (p;, A, D;) mutually unambiguously determine
each other. As a consequence, it is possible to represent monetary policy by
pt, Ay and Dy as well.

Implications of the uniform distribution

In this section the closed form expressions are derived for the probabilistic
terms in equations (53), (55) and (58) assuming that A, can be described by
a uniform distribution. Its cumulative distribution function is

D P VR -
G(A) = S fAe AR
= 0if A < =\,

= 1if A <\
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£ /]
) F—
2
>y
[ > 1)
0 A X 1

Liquidity shock: A

Figure 17: Uniform distribution

The probability density function:

go(3) = % if 3 € <A, A,

= 0, otherwise.

Using the definition of G, the terms in equation (53) become

Oy

S
t

20
where ¢ = max [25\, A\ + )\t] and J0; = max [0, A\t — )\t].

The term _
X o, 1 .
/ ()\ _ /\t) —ah,
At 2)\t

in equation (58) is equal to the red shaded area AA in Figure 26, that is,
1,5 1 N 0y At 52
AA==-(M—N)|=——=|=—(1—-=)=—.
(h = M) (2 2)\t) 4 ( )\t> Y

Observe that the term X
t .1 R
/ A— dA.
At 2)\t
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in equation (55) is equal to the sum of areas AA and BB in Figure 20,

Y

BB - (j\t - /\t)Q_S\t - 25\t .

Hence,
o |0y e
AA+ BB = — |— + M| = —.
* zAtlz*‘t] Y

Furthermore, consider the term

At 1 .
/ A—=dA.
Xt 2)\15

in equation (55). First observe that

0 A
-1 . U
/ A—dA = —/ A—dA.
W 2)\,5 0 2)\t
As a consequence,

Mool R B Mol 5 [6,
A—d\ = A—d\. = — A—d\=—— | =+ N\ | =
[oma=], e f = {2 ! }
A.5 The steady state
Suppose that for some &, AR and AP, & = ¢ = ¢ AR = AR

_t
4N

— AR

and AP = ABY = AP for all t. Then equations (2), (19), (20), (36), (37),
(44), (45), (46), equilibrium condition y; = ¢; + k¢, and formula y" = y; —
(L +7req)fly — (1 +7r1)AP d; 1 determine the steady-state values of the
following endogenous variables: k, z, n, y, ", ¢, d, w, 7, AP (we denote the

steady-state values by omitting time indeces).

The above system of equations defines the steady of real variables, the
price level and the nominal variables are determined by M set by monetary
policy. Af and AP determine the steady state value of \ by equations (14)

and (15). Then formula
D M/x

d .
P P

provides the price level.
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A.6 Flexible price allocation and expectations

In section (2.1.5) the IS and LM curves are derived to calculate the equi-
librium outcome of the economy in the presence of sticky prices. However,
variables VI and B! contains expectations for future values of some en-
dogenous variables. This section discusses how the households form their
expectations in boundedly rational way.

As discussed, we restrict our analysis to temporary shocks, and it is as-
sumed that after the realization of macroeconomic shocks at date t, from
date t + 1 the economy returns to the flexible price allocation. As a conse-
quence, households expectations are based on the flexible price values of the
variables.

To calculate the flexible price allocation at date t 4+ j, 5 < 1, for a given
value of kiy;_1, one has to evaluate equations (2), (19), (20), (36), (37), (44),
(45), (46), at date t + j, and take in account the equilibrium condition

Ytrj = Cetj T Kisj.

The above eight equations determine the value of the following vector of
endogenous variable,

_ D
Xt = [kt,zt,ntaynct,dt,wtﬂ"t,At ]7

if the expectations are known.

Vector y; contains real variables, the price level and the nominal variables
depends on M, set by monetary policy. For given Af and AB°, equations
(14) and (15) determine \;. Since D; = M;/)\;, the price level is given by
P, = Dy/d,.

We can calculate the necessary expectations by backward induction: we
start the calculations at the end of forecast horizon, at date t + 1", then we
recursively calculate the allocations and expectations for dates
t+T—1,t+T—2,... t+1.

Since households’ optimization problem is time consistent, the optimal
consumption and saving plan decided at date ¢ coincides with the outcome
of optimal decision at date ¢t + T. Consider the two-period optimization
problem of date T

t+T+1
max > Ei [T (g ness, Digjs Giag))

{etrimers Flj Dess } J=t+T
subject to the following budget constraints,
Copr + f, th+T + diyr = Yo = Yerrs

c+ "+ d =yl + 1+ reri) (fth-&-T + AL pdiir)
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and the terminal conditions,
= dy = d.
The present value budget constraint derived for the above problem:

yf+T+1 —f—d
1 + Tt+T .

cerr + (1= ALp) deyr = yerr +

As assumed, households’ income expectations for date ¢t + T + 1 is given by
formula (1), expressing it in real terms:

yrirp = c+d+ = (Ut rar) (e + A rdir) -
Equation (23) implies k = s = f*" +d and kyyr = kyyr = f[ﬁrT + dyyr,
furthermore, y = ¢ + k, as a consequence,

y?—l—T—f—l =y— (L +7r7) [kt+T — (1 — Ang) dt+T} .

Substituting the Euler equation (43) and the deposit demand equation (45)
into the above expression yields

0
_ Yrr + yt+T
CHT = o
t+T

where

y— (1 +rir) [ker — (L= ALp) digr] — f* —d
L+ rer ’

1-0o o o—

BngT = 1+ (1 - Ang) + B°(1 4 rgr)”

0 —
Verr =

For a given value of k; 71, combining the above consumption demand
formula with equations (36), (37), (2), (19), (20), (44), (45) and equilibrium
condition vy 7 = ¢yt + ki provides

_ D
Xt4T = (Kes, 20, Mt Ty Yeur 75 Covrs Aoy, Wegr, Tegr, At—i—T]'

Obviously all components of x; 7 are functions of k;,r_1. As a consequence,
WVor(keyr—1) and By, (keyr—1) are also functions of it.

Similarly one can show that household’s optimization at date ¢t + 7 — 1
yields the following consumption demand:

1
Yerr—1 + Viyr—a

Ciy7—-1 =

J

1
Bt+T—1
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where

Yerr — (1 + 1eyr1) [ktJrTfl - (1 - AE&-T—l) dt+T71} + yto+T(kt+Tfl)

A% =
t+T—1 1 + rt+T71

l1—0o o o—
Biry = 14+n(1=A0r) "+ 8714 rr)” ' B p(keer—1).

Again, for given value of k. r_5, combining the above formula with equa-
tions (36), (37), (2), (19), (20), (44), (45) and equilibrium condition y;, 71 =
Cir—1 + kyor—1 provides xyir—1 and Y} oy (kipr—2) and By (kiyr—2).

Following the iteration for any 0 < j < T one can calculate
Yerj + Vi

Ctvj =

B
where
yT=i _ Yerjer — (L4 Teg) [y — (1= AL) dess] + yﬂ?iﬁl(kw)
47 1 + Tt+j ’

_j 1—0o o o— i
Bl7 = 1401 =A%) "+ 87 (1+ 1) BT (ki)

A.7 Implementation of an interest rate rule

As discussed in section 4, if monetary policy wants to implement an interest
rate rule, its instruments have to satisfy the following conditions:
y: = yI (Z:7Dt +Dja)‘:ap;_> tLM ) tI )7

*x LM (% * + \+ 4+ LMx £ISx*
yt - y (Ztth_'_Dt?/\t?pt’ t ) St )7
where

vi =y (DL o) 600, €7)
iy =" (DN, Pl €10, €0
if 150 £ g1« anq
vi=yl,  i=1i
if £150 _ ¢I5%.
Observe that A\ and p; influences the IS and LM curves only via W,

in equation (20). Slightly changing our notation, express the above two
conditions as functions of ¥}

x IS [ + @+ ¢LMsx IS«
Yy = Y (ZtaDt+Dt7qjtvt » St )’
x _ LM (:x + w+ eLMx ISx
Yy =Y (Zt’Dt_l_Dt’\I]t’t » St )
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The above two equations provide a solution for D;” and ¥} .
For a given W} one can find A\ and p; to satisfy

N— (A

v = orpria— ) AL ©)
4N

Of course, the solution of the above equation is not unique. Monetary policy

should choose a pair of ()\zr oy ) such that

0< A <), 0<pf <. (63)

Specifically, in section 4, the following simple procedure was used: we set \; =
A (the steady-state value) and chose p;” to satisfy equation (62). Over the
range of shocks investigated, the procedure used always provided solutions
that satisfied conditions (63).

As discussed, in addition to the above, one more constraint has been
taken into account:

it = A (1 +47) - 1> —0.01, (64)
as discussed in Appendiz A./,
A — A A+ A
LA 9Byt t T A
2N 2\

N " (/).

When we applied the above procedure condition (64) was binding in the case
of shock . When the constraint was binding instead of setting A\, = A\, we
tried several values of )\, over a fine grid in the range (0, );], and chose a pair
of (A, p/) satisfying both conditions (63) and (64). As discussed in section
4, there was a certain range of the shock 1 where it was impossible to find a
solution satisfying both constraints.
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