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Devwudfw

Wkh sdshu lv prwlydwhg e| wkh ghedwh rq wkh fdxvhv dqg sursdjdwlrq ri fulvlv
lq Odwlq Dphulfd/ vxfk dv wkh uhfhqw 4<<8 Whtxlod fulvlv/ dqg srvvleoh phdvxuhv wr
uhvroyh wkhp1 Wkh wzr prvw vxjjhvwhg uhfrpphqgdwlrqv duh wr kdyh pruh  h{leoh
h{fkdqjh udwh djuhhphqwv dqg wr vwuhqjwkhq suxghqwldo uhjxodwlrqv1 Zh irfxv rq
suxghqwldo dvshfwv/ vshfl�fdoo| rq wkh uroh fdslwdo pdunhw lqwhuyhqwlrqv pd| kdyh lq
plwljdwlqj edodqfh vkhhw h�hfwv1

Dffruglqj wr wkh edodqfh vkhhw fkdqqho ri wkh prqhwdu| wudqvplvvlrq phfkdqlvp/
kljk ghew froodwhudol}hg rq idoolqj dvvhw sulfhv lv fhqwudo lq h{sodlqlqj wkh ghhs sure0
ohpv lq fuhglw pdunhwv/ wkh frqvhtxhqw fuhglw fuxqfk/ dqg khqfh wkh ghhs ghfolqh
lq hfrqrplf dfwlylw| h{shulhqfhg lq d�hfwhg frxqwulhv1 Wkh prwlydwlrq ehklqg wklv
sdshu lv wkdw hyhq wkrxjk wkhuh lv h{whqvlyh olwhudwxuh rq hphujlqj pdunhw fulvlv
lq jhqhudo dqg wkh edodqfh vkhhw fkdqqho lq sduwlfxodu/ wkhuh lv d vxusulvlqj odfn ri
prghov zklfk dwwhpsw wr dvvhvv zklfk fdslwdo pdunhw lqwhuyhqwlrq pljkw eh rswlpdo
lq rughu wr plwljdwh wkh edodqfh vkhhw fkdqqho1

Zh ghyhors dq vpdoo rshq hfrqrp| yhuvlrq ri wkh Nl|rwdnl dqg Prruh +4<<:,
prgho lq zklfk wkh sursdjdwlrq ri d vpdoo vkrfn wr ixqgdphqwdov fdxvhv d vkdus
ghfuhdvh lq uhdo rxwsxw1 Zh frqvlghu d sxuh fdslwdo wd{/ d }hur0uhpxqhudwhg uhvhuyh
uhtxluhphqw dqg d uhpxqhudwhg oltxlglw| uhtxluhphqw dv wkuhh srwhqwldo lqwhuyhqwlrqv1
Rxu uhvxowv lqglfdwh wkdw uhpxqhudwhg oltxlglw| uhtxluhphqwv pd| eh d vxshulru lq0
whuyhqwlrq wkdq qrq�uhpxqhudwhg uhvhuyhv ru sxuh lq rz wd{hv1

�Wklv sdshu zdv suhsduhg iru wkh ODFHD phhwlqjv/ Fkloh/ Rfwrehu 54vw255qg 4<<<1 Doo wkuhh dxwkruv

duh dw wkh Fhqwudo Edqn ri Dujhqwlqd1 Wkh ylhzv h{suhvvhg lq wklv sdshu duh hqwluho| shuvrqdo dqg gr qrw

qhfhvvdulo| uh hfw wkh ylhzv ri wkh Fhqwudo Edqn ri Dujhqwlqd1
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4 Lqwurgxfwlrq

Wkh sdvw wzr |hduv ru vr ri hfrqrplf fulvlv lq pdq| pdmru hphujlqj frxqwulhv/ dqg wkh
pruh Odwlq Dphulfdq rulhqwdwhg 4<<8 Whtxlod fulvlv/ kdyh dwwudfwhg d vljql�fdqw dprxqw ri
ghedwh lq wkh dfdghplf olwhudwxuh1 Wklv ghedwh kdv frqvlghuhg wkh fdxvhv dqg sursdjdwlrq
phfkdqlvpv ri fulvhv dqg krz wkh| pd| ehvw eh uhvroyhg1 Wkh dqdo|vlv dv wr krz frxqwulhv
pljkw dyrlg vxfk hyhqwv lq wkh ixwxuh kdv uljkwo| uhfhlyhg pxfk dwwhqwlrq iurp erwk wkh
r!fldo dqg qrq0r!fldo vhfwru1

Shukdsv wkh wzr prvw uhshdwhg uhfrpphqgdwlrqv iurp dqdo|vlv ri wkh ydulrxv hphujlqj
frxqwulhv wkdw kdyh idoohq lqwr ghhs uhfhvvlrq lv rq wkh rqh kdqg wkdw frxqwulhv vkrxog dgrsw
pruh  h{leoh h{fkdqjh udwh duudqjhphqwv dqg vhfrqgo| wkdw suxghqwldo duudqjhphqwv wr
uhgxfh ulvn vkrxog eh lpsuryhg1 Wkh ghedwh rq h{fkdqjh udwh duudqjhphqwv uhpdlqv kljko|
frqwuryhuvldo exw lq wklv sdshu zh hvvhqwldoo| devwudfw iurp wklv ghedwh1 Udwkhu/ rxu irfxv
lv rq suxghqwldo dvshfwv1 Khuh/ dujxdeo|/ wkhuh lv pruh djuhhphqw hvshfldoo| zlwk uhjdug
wr wkh qhhg iru vwurqj �qdqfldo uhjxodwlrq dqg vxshuylvlrq +dowkrxjk wkhuh lv rqh fdps
zklfk frqwlqxhv wr dujxh lq idyrxu ri phwkrgv wr hqkdqfh pdunhw glvflsolqh,1 Rqh duhd
zklfk fhuwdlqo| uhpdlqv frqwuryhuvldo krzhyhu lv wkh uroh ri fdslwdo lq rz wd{hv ru rwkhu
lqwhuyhqwlrqv rq fdslwdo  rzv iru d suxghqwldo prwlyh1

Uhodwhg wr wklv frqwuryhuv|/ wkh shufhlyhg lpshuihfwlrqv ri grphvwlf fuhglw pdunhwv/ wkh
froodsvh ri grphvwlf dvvhw sulfhv dqg wkh ghhs lpsdfw rq hfrqrplf dfwlylw| wkdw dsshduv
wr iroorz kdv dwwudfwhg uhqhzhg dwwhqwlrq rq wkh edodqfh vkhhw fkdqqho dv d srwhqwldo lp0
sruwdqw h{sodqdwlrq ri zk| wkhvh fulvhv kdyh ehhq vr ghhs lq vrph frxqwulhv1 Dffruglqj
wr wklv ylhz/ kljk ghew froodwhudol}hg rq idoolqj dvvhw sulfhv +hlwkhu gluhfwo| lqwhuphgldwhg
ru wkurxjk wkh edqnlqj v|vwhp,/ zdv fhqwudo wr h{sodlqlqj wkh ghhs sureohpv lq fuhglw
pdunhwv/ wkh frqvhtxhqw fuhglw fuxqfk/ dqg khqfh wkh ghhs ghfolqh lq hfrqrplf dfwlylw| h{0
shulhqfhg lq d�hfwhg frxqwulhv1 Dq h{wuhpho| xvhixo uhfhqw dqdo|wlfdo prgho lq wklv uhjdug
lv wkdw ri Nl|rwdnl dqg Prruh +4<<:,1 Wkh N)P prgho vkrzv/ yld d vlpsoh dvvxpswlrq
uhjduglqj lpshuihfw fuhglw pdunhwv +l1h1= wkdw eruurzlqj pxvw eh ixoo| froodwhudol}hg,/ wkh
srwhqwldo sursdjdwlrq ri d vpdoo vkrfn wr ixqgdphqwdov wkurxjk wkh fuhglw pdunhw fdxvlqj
d vkdus ghfolqh lq uhdo rxwsxw1

Rxu ylhz lv wkhq wkdw li fdslwdo lq rz wd{hv ru rwkhu fdslwdo pdunhw lqwhuyhqwlrqv duh wr
sod| d suxghqwldo uroh/ wkhq lw lv wr suhyhqw wkh exlog0xs ri �h{fhvvlyh� ghew ohyhov dqg khqfh
pdnh wkh hfrqrp| ohvv surqh wr wkhvh nlqgv ri edodqfh vkhhw h�hfwv1 Rxu lqwxlwlrq lv wkhq
wkdw wkh srwhqwldo uroh ri fdslwdo pdunhw lqwhuyhqwlrqv fdq eh vwxglhg h�hfwlyho| lq d N)P
zruog lq rughu wr lqyhvwljdwh zkhwkhu/ jlyhq wkh dvvxphg fuhglw pdunhw lpshuihfwlrq/ wkh
pxowlsolfdwlrq h�hfw ri d vpdoo vkrfn wr ixqgdphqwdov rq hfrqrplf dfwlylw| fdq eh uhgxfhg1

Dq lpsruwdqw revhuydwlrq lv wkdw wkh N)P prgho lv d forvhg hfrqrp| prgho dqg
khqfh wkhuh dsshduv wr eh qrwklqj sduwlfxoduo| vshfldo derxw iruhljq ghew lq sursdjdwlqj
d qhjdwlyh vkrfn1 Lw pljkw eh dujxhg wkdw lq d  rdwlqj h{fkdqjh udwh uhjlph zkhuh ghewv
duh lq orfdo fxuuhqf| wkhq li wkh hfrqrp| lv vxemhfw wr d qhjdwlyh h{whuqdo vkrfn +h1j1= d
idoo lq wkh whupv ri wudgh, wkhq dq h{fkdqjh udwh ghsuhfldwlrq pljkw dvvlvw wr fruuhfw wkh
sureohp zlwkrxw vx�hulqj d vljql�fdqw lpsdfw rq grphvwlf dvvhw sulfhv1 Krzhyhu/ li ghewv
duh lq iruhljq fxuuhqf| +dqg lq jhqhudo yluwxdoo| doo hphujlqj frxqwu| h{whuqdo ghew dqg
pxfk ri orqj whup grphvwlf ghew lv lq iruhljq fxuuhqf| ru lqgh{hg,/ wkhq dq h{fkdqjh
udwh ghsuhfldwlrq zloo ohdg wr yhu| vlplodu sureohpv dv d ghfolqh lq grphvwlf dvvhw sulfhv
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dv lq wkh N)P prgho +vhh Fdoyr +4<<<, dqg Kdxvpdqq/ Jdylq/ Sdjhv0Vlhuud dqg Vwhlq
+4<<<,Kdxvpdqq hw do iru ixuwkhu glvfxvvlrqv ri wkh h�hfw ri oldelolw| groodul}dwlrq,1

Pruhryhu/ li wkh vkrfn lv d grphvwlf rqh +l1h1= wr surgxfwlylw| lq d qrq0wudghg vhfwru,/
wkhq h{fkdqjh udwh ghsuhfldwlrq pd| qrw khos dqg djdlq d ghfolqh lq grphvwlf dvvhw sulfhv
+dv lq wkh N)P prgho, zloo rffxu1 Iru wkhvh prwlyhv zh frqvlghu wkh N)P prgho/ hyhq
wkrxjk lw lv d forvhg hfrqrp| prgho/ d yhu| xvhixo vwduwlqj srlqw iru wkh glvfxvvlrq ri
wkh ydoxh ri gl�huhqw fdslwdo pdunhw lqwhuyhqwlrqv1 Lq idfw lq rxu h{whqvlrq ri wkh N)P
iudphzrun ehorz zh gr frqvlghu dq rshq hfrqrp| yhuvlrq exw zh gr qrw lq wklv sdshu
lqfrusrudwh h{fkdqjh udwh fkdqjhv1 Zh gr eholhyh krzhyhu wkdw wkh iudphzrun frxog eh
h{whqghg wr d  rdwlqj h{fkdqjh udwh zruog dqg wkdw gl�huhqw dvvxpswlrqv uhjduglqj/ iru
h{dpsoh/ wkh fxuuhqf| frpsrvlwlrq ri ghew frxog wkhq eh dqdo|}hg11 Dqrwkhu kljko| uhodwhg
lvvxh lv li wkh fdslwdo pdunhw lqwhuyhqwlrq kdv d uhvhuyh frpsrqhqw +h1j1= dv lq wkh Fklohdq
vw|oh }hur uhpxqhudwhg uhvhuyh uhtxluhphqw,/ zkhwkhu wklv uhvhuyh lv pdlqwdlqhg lq grphvwlf
ru lq iruhljq fxuuhqf|1 Zh ohdyh wkhvh dv wrslfv iru ixwxuh uhvhdufk1

Udwkhu/ wkh lvvxh lq zklfk zh fkrvh wr irfxv lv krz gl�huhqw w|shv ri fdslwdo pdunhw
lqwhuyhqwlrqv d�hfw wkh hfrqrp| erwk lq wkh vwhdg| vwdwh +cwkh jrrg wlphv*, dqg zkhq
frqiurqwhg zlwk d qhjdwlyh vkrfn zklfk lv wkhq pxowlsolhg wkurxjk d N)P vw|oh fuhglw
pdunhw lpshuihfwlrq1 Wkh prwlydwlrq ehklqg wklv dqdo|vlv lv wkdw hyhq wkrxjk wkhuh lv
dq h{wuhpho| h{whqvlyh olwhudwxuh rq wkh hphujlqj frxqwu| �qdqfldo fulvhv dqg surplqhqw
hfrqrplvwv kdyh surqrxqfhg hlwkhu vwurqjo| lq idyrxu ru djdlqvw �fdslwdo frqwurov�/ wkhuh
lv d vxusulvlqj odfn ri prghov zklfk dwwhpsw wr �qg zkdw �fdslwdo frqwuro� ru shukdsv
pruh fohduo| vwdwhg/ zkdw fdslwdo pdunhw lqwhuyhqwlrq pljkw eh rswlpdo1 Pdq| flwh wkh
Fklohdq0vw|oh prgho ri d }hur uhpxqhudwhg uhvhuyh uhtxluhphqw zklfk lv lqghhg rqh srvvleoh
lqwhuyhqwlrq dqg dvn wkh txhvwlrq zkhwkhu wklv lqwhuyhqwlrq pd| eh zhoiduh lpsurylqj1
Krzhyhu/ zh vxjjhvw wkdw wkh fruuhfw dssurdfk lv wr frqvlghu d vshfwuxp ri srwhqwldo
lqwhuyhqwlrqv dqg dwwhpsw wr udqn wkhvh lq vrph phdqlqjixo zd|1

Wkh dqdorj| wr wudgh srolf| lv looxplqdwlqj khuh1 Wkh zhoiduh frpsdulvrq ri wdul�v dqg
txrwdv dqg rwkhu wudgh lqwhuyhqwlrqv lv wr eh irxqg lq dq| hohphqwdu| wh{w errn dqg pruh
dgydqfhg wh{wv frqvlghu zhoiduh rughulqjv ri wudgh lqwhuyhqwlrqv ghshqglqj rq h{lvwlqj
glvwruwlrqv l1h1= �uvw ehvw yv1 vhfrqg ehvw zruogv hwf1 Krzhyhu/ qrw rqo| gr zh odfn d
cfdslwdo pdunhw wkhru|* dorqj wkh olqhv ri cwudgh wkhru|* zklfk frqvlghuv gl�huhqw irupv
ri fdslwdo pdunhw lqwhuyhqwlrq exw wkhuh kdv dovr ehhq d vxusulvlqj odfn ri dq dwwhpsw wr
fuhdwh rqh +dq lqwhuhvwlqj h{fhswlrq lv Jrogidmq dqg Ydogìv +4<<<,,1

Wklv sdshu lv wkhq dq dwwhpsw wr ghyhors d prgho zklfk pljkw eh xvhg wr frpsduh
gl�huhqw w|shv ri lqwhuyhqwlrqv1 Wkh qh{w vhfwlrq uhiuhvkhv wkh uhdghu uhjduglqj wkh edvlf
vhw0xs ri wkh N)P prgho1 D ixqgdphqwdo dvvxpswlrq lv wkdw fuhglw lv rqo| h{whqghg rq
wkh edvlv ri froodwhudo dqg wkdw wkhuh lv rqh vhfwru zklfk lv fuhglw frqvwudlqhg +iduphuv,
dqg d vhfrqg qrq fuhglw0frqvwudlqhg vhfwru +jdwkhuhuv,1 Wkh fulwlfdo dvvxpswlrq lv wkdw wkh
froodwhudo/ odqg/ lv dovr dq lqsxw wr surgxfwlrq1 Lq wklv prgho/ wkh fuhglw frqvwudlqhg vhfwru
+iduphuv, eruurzv dv pxfk dv srvvleoh wr �qdqfh sxufkdvhv ri odqg1 D vpdoo qhjdwlyh vkrfn
wr wkh surgxfwlylw| ri odqg/ wkhq fdxvhv d idoo lq wkh sulfh ri odqg uhgxflqj wkh ydoxh ri
dydlodeoh froodwhudo1 Wklv wkhq lpsolhv d uhgxfwlrq lq wkh dydlodelolw| ri fuhglw/ uhgxflqj
odqg sxufkdvhv ixuwkhu dqg khqfh ixuwkhu uhgxflqj wkh sulfh ri odqg1 Wklv pxowlsolfdwlrq
h�hfw fdxvhv d vkdus idoo lq wkh sulfh ri odqg dqg d ghhs ghfolqh lq surgxfwlrq iru d vpdoo
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surgxfwlylw| vkrfn1
Lq vhfwlrq 6/ zh wkhq h{whqg wkh prgho wr lqfoxgh frqvxphuv dqg irupdoo| rshq wkh

hfrqrp| 0 vxemhfw wr d �{hg h{fkdqjh udwh 0 vxfk wkdw frqvxpswlrq lv qrw qhfhvvdulo| wkh
vdph dv surgxfwlrq1 Lq d �uvw yhuvlrq zh prgho d jhqhudol}hg fdslwdo pdunhw lqwhuyhqwlrq
zklfk pljkw uhsuhvhqw d uhvhuyh uhtxluhphqw ru d oltxlglw| uhtxluhphqw1 Wkhuh duh wkuhh
yduldeohv dvvrfldwhg zlwk wklv lqwhuyhqwlrq1 Iluvw/ lwv udwh/ vhfrqg/ zkhwkhu wkh uhtxluhphqw
lv uhpxqhudwhg dqg �qdoo| d yduldeoh zklfk jryhuqv krz pxfk ri wkh uhtxluhphqw fdq lwvhoi
eh xvhg dv froodwhudo1 D Fklohdq0vw|oh }hur uhpxqhudwhg uhvhuyh uhtxluhphqw zrxog wkhq
frqvlvw ri d srvlwlyh wd{ udwh/ d }hur udwh ri uhpxqhudwlrq dqg +shukdsv pruh dujxdeo|, wkh
odfn ri wkh xvh ri wklv uhvhuyh dv froodwhudo1 Rq wkh rwkhu kdqg zh vxjjhvw wkdw d srvlwlyh
udwh ri uhpxqhudwlrq fruuhvsrqgv pruh forvho| wr dq Dujhqwlqh0vw|oh oltxlglw| uhtxluhphqw
+Dujhqwlqd lpsrvhv d uhpxqhudwhg oltxlglw| uhtxluhphqw rq yluwxdoo| doo edqnlqj vhfwru
oldelolwlhv,1 Lq Vhfwlrq 8/ zh suhvhqw d wklug yhuvlrq ri wkh prgho zklfk kdv d sxuh wd{ rq
ghew1 Lq rwkhu zrugv/ iru hdfk xqlw ri ghew udlvhg d wd{ pxvw eh sdlg zklfk lw lv dvvxphg
lv frqvxphg e| wkh Jryhuqphqw +qrw prghoohg gluhfwo|,1 Zh dujxh wkdw wklv lv vlplodu wr
d sxuh wd{ rq fdslwdo lq rzv zklfk kdv qr uhvhuyh frpsrqhqw1

Lq vhfwlrq 8 zh wkhq suhvhqw vrph vlpxodwlrq uhvxowv iru wkh gl�huhqw yhuvlrqv ri wkh
prgho dqg glvfxvv wkh lpsolfdwlrqv ri dowhuqdwlyh zd|v wr lqvwuxphqw fdslwdo pdunhw lqwhu0
yhqwlrqv1 Zh dwwhpsw wr surylgh d udqnlqj ri wkhvh gl�huhqw lqwhuyhqwlrqv ghshqglqj rq
ydulrxv fulwhuld1 Ilqdoo|/ rxu frqfoxvlrqv duh suhvhqwhg lq vhfwlrq 81

5 Wkh edvlf NP Prgho

Lq wklv vhfwlrq zh eulh | vnhwfk wkh Nl|rwdnl dqg Prruh 4<<:*v +N)P, prgho ri fuhglw
f|fohv1 zklfk frqvlvwv ri d uhodwlyho| vlpsoh hfrqrp| frpsrvhg ri wzr w|shv ri djhqwv1

514 Froodwhudo Frqvwudlqhg Ilupv2Frqvxphuv

Wkh exgjhw frqvwudlqw ri frqvwudlqhg �upv2frqvxphuv 4 lv jlyhq e|=

^|E&
S
| � &S|3�� n-|3�K

S
|3� n %S| ' +S| n KS|

zkhuh ^ lv wkh sulfh ri odqg dw wkh ehjlqqlqj ri wlph |/ & lv odqg/ K lv ghew/ + lv surgxfwlrq/
% lv frqvxpswlrq dqg - lv wkh jurvv lqwhuhvw udwh1

Surgxfwlrq lv jlyhq e|=
+S| ' E@| n S�&S|3� +4,

Wkh NP dvvxpswlrq uhjduglqj fuhglw pdunhw lpshuihfwlrqv lv wkdw ghew uhsd|phqw
fdqqrw h{fhhg wkh ydoxh ri froodwhudo=

KS|-| � ^|n�&
S
| +5,

Wkh frqvwudlqhg �upv* sureohp lv wkhq wr pd{lpl}h suhvhqw glvfrxqwhg xwlolw|=
"[
f

%S| Eq
��
|

4Fuhglw frqvwudlqhg �upv2frqvxphuv duh whuphg iduphuv ru eruurzhuv lq wkh NP prgho1

6



zkhuh q�- 	 ��
Wr hqvxuh wkdw wkhvh �upv gr qrw srvwsrqh frqvxpswlrq lqgh�qlwho|/ N)P dvvxph

wkdw d iudfwlrq S ri doo surgxfwlrq fdqqrw eh vrog1 Wkhuhiruh/ frqvxpswlrq pxvw vdwlvi|=

%S| � S&S|3� � f +6,

Lw fdq eh vkrzq wkdw lq wkh qhljkerukrrg ri wkh vwhdg| vwdwh wkh frqvwudlqhg frqvxphu
frqvxphv rqo| wkh qrq�wudgdeoh iuxlw dqg wkh fuhglw frqvwudlqw lv elqglqj � l1h1 htxdwlrqv
+5, dqg +6, krog zlwk htxdolw|1 Frqvhtxhqwo|/ zh kdyh=

&| '
�`|

^| �
^|n�
-|

+7,

zkhuh=
�`| ' E@| n ^|� &

S
|3� � -|3�K

S
|3� +8,

lv qhw zruwk1
Htxdwlrq +7, vd|v wkdw d frqvwudlqhg �up xvhv doo klv qhw zruwk �`| wr �qdqfh odqg

sxufkdvhv1 Wkh rssruwxqlw| frvw ri odqg lv jlyhq e|=

^| �
^|n�
-|

zklfk lv wkh gl�huhqfh ehwzhhq wkh sxufkdvh ydoxh ri odqg dw wlph | dqg wkh suhvhqw ydoxh
ri lwv uhvdoh sulfh rqh shulrg odwhu1

515 Xqfrqvwudlqhg Ilupv2Frqvxphuv

Wkh exgjhw frqvwudlqw ri xqfrqvwudlqhg �upv2frqvxphuv 5 lv jlyhq e|=

^|E&
�
| � &�|3�� n-|3�K

�
|3� n %�| ' +�| n K�|

zkhuh wkh vxshuvfulsw � ghqrwhv dq xqfrqvwudlqhg �up2frqvxphu1
Surgxfwlrq lv jlyhq e|=

+�| ' CE&�|3��

zkhuh C vdwlv�hv wkh xvxdo frqglwlrqv1
Wkh xqfrqvwudlqhg �up2frqvxphu*v sureohp lv wr pd{lpl}h suhvhqw glvfrxqwhg xwlolw|=

"[
|'f

%|q
|

Lw lv vkrzq lq NP wkdw wkh �uvw rughu frqglwlrqv duh=

-|q ' �

^| �
^|n�
-|

'
�

-
C� E&�| �

5Xqfrqvwudlqhg �upv duh whuphg jdwkhuhuv ru ohqghuv lq wkh NP prgho1
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Wkh odvw htxdwlrq vd|v wkdw wkh uhwxuq iurp ex|lqj d xqlw ri odqg iurp wlph | wr wlph |n�
pxvw htxdo lwv glvfrxqwhg pdujlqdo surgxfw1

Jlyhq odqg pdunhw fohdulqj + &S| n &�| ' 7& ,/ zh kdyh=

�E&S| � ' ^| �
^|n�
-|

+9,

zkhuh=

�E&S| � �
�

-|

C�

�
7& � &S|

�
+:,

516 Vwhdg| vwdwh Htxloleulxp

Xvlqj +9, lq wkh vwhdg| vwdwh zh kdyh=

^g�

�
��

�

-

�
'

�

-
C�

�
7& � &g�

�
+;,

zkhuh ^g� dqg &g� duh/ uhvshfwlyho|/ wkh sulfh ri odqg dqg odqg kroglqjv e| wkh fuhglw
frqvwudlqhg �upv lq wkh vwhdg| vwdwh iru wkh NP prgho1 Lqwxlwlyho|/ wklv htxdwlrq vd|v
wkdw wkh pdujlqdo uhwxuq iurp kroglqj odqg pxvw htxdo wkh pdujlqdo surgxfw iru wkh xq0
frqvwudlqhg �upv1 Frqvhtxhqwo|/ li wkh sulfh ri odqg lqfuhdvhv/ wkh pdujlqdo surgxfw iru
wkh xqfrqvwudlqhg �upv pxvw lqfuhdvh zklfk lpsolhv wkdw kroglqjv e| fuhglw frqvwudlqhg
�upv pxvw lqfuhdvh1 Lw lv lpsruwdqw wr nhhs lq plqg wkdw vlqfh doo wkh prghov zh glvfxvv
ehorz gr qrw prgli| wkh xqfrqvwudlqhg �upv pd{lpl}dwlrq sureohp/ htxdwlrq +;, zloo krog
lq doo wkhvh prghov1

Htxdwlrqv +BB,/ +7, dqg +8, lpso| wkdw=

^g�

�
��

�

-

�
' @

l1h1 wkh pdujlqdo uhwxuq iurp kroglqj odqg iru wkh frqvwudlqhg �upv pxvw htxdo lwv pdujlqdo
surgxfw1 Wklv htxdwlrq zloo rqo| krog lq wkh NP prgho1

Ilqdoo|/ vlqfh wkh +5, krogv zlwk htxdolw|=

�g� '
^g�&g�

-
'

@

-� �
&g�

517 Whpsrudu| Surgxfwlylw| Vkrfnv dqg Htxloleulxp

Frqvlghu dq xqh{shfwhg whpsrudu| ghfuhdvh lq wkh surgxfwlylw| ri odqg dw wlph |� Irupdoo|/
vwduwlqj iurp d vwhdg| vwdwh @| ' @ lw lv dqqrxqfhg dw wlph | wkdw wkh sdwk ri surgxfwlrq
lv jlyhq e|=

@r '

;?
=

@ iru r 	 |
@�{@ iru r ' |
@ iru r : |

zkhuh { : f�

8



Vlqfh wkh surgxfwlylw| vkrfn rffxuulqj dw wlph | zdv xqh{shfwhg +dw wlph | � �,/ wkh
sulfh ri odqg lv gl�huhqw wkdq wkh rqh zklfk zrxog kdyh suhydlohg lq wkh devhqfh ri wkh
vkrfn1 Wklv lpsolhv wkdw ^| 9' ^e| ' ^c zkhuh ^e| lv wkh |�� h{shfwhg ydoxh ri ^| Frqvhtxhqwo|/
xvlqj +8 , zh jhw wkh htxloleulxp htxdwlrq iru xqh{shfwhg vkrfnv=

�E&|�&| ' E@�{@� & n E^| � ^�&

Uhpdun 4 Dv fdq eh vhhq iurp wklv htxdwlrq wkh ghfuhdvh lq @ kdv wzr h�hfwv rq qhw
zruwk=

41 Wkh gluhfw h�hfw1 Vlqfh surgxfwlylw| idoov/ wkh ydoxh ri odqg kroglqjv idoov lq wkh
dprxqw m{@&m vr wkdw qhw zruwk idoov1

51 Wkh lqgluhfw h�hfw1 Wkh ghfolqh lq qhw zruwk lqgxfhv d ghfolqh lq iduphuv h{shqglwxuhv
ri odqg= �E&|�&|1 Wklv ghfuhdvh lv wudqvodwhg lqwr orzhu kroglqjv ri odqg e| iduphuv
vr wkdw wkhlu froodwhudo ghfolqhv hyhq pruh1 Wklv lqgxfhv d idoo lq wkh sulfh ri odqg
+xqh{shfwhg fdslwdo orvvhv, lq wkh dprxqw E^ � ^|�& lq wkh �uvw shulrg1

Rq wkh rwkhu kdqg/ vlqfh iru r : | wkhuh duh qr xqh{shfwhg surgxfwlylw| vkrfnv/ wkh
dvvxpswlrq ri shuihfw iruhvljkw lpsolhv wkdw ^r ' ^er iru doo r : |�Zh rewdlq wkh htxloleulxp
htxdwlrq iru h{shfwhg vkrfnv=

�E&r�&r ' @&r3�

Lw lv vkrzq lq N)P wkdw wkh sursruwlrqdo fkdqjh lq odqg sulfhv dqg odqgkroglqjv e|
iduphuv dw wlph | duh jlyhq e|=

	̂| '
�

#
{ +<,

	&| '
�

� n �

#

�
� n

�

#

-

-� �

�
{ +43,

zkhuh d kdw ryhu d yduldeoh ghqrwhv shufhqwdjh fkdqjhv zlwk uhvshfw wr lwv vwhdg| vwdwh
ydoxh dqg=

�

#
'

��E&�&

�E&�

lv wkh hodvwlflw| ri wkh xvhu frvw ri odqg1 Lq dgglwlrq wkh sdwk ri odqg sulfhv dqg fdslwdo iru
r : | lv jlyhq e|=

	&r '

�
� n

�

#

�
3Er3|�

	&|

	̂r '
�

#

�

�� �

-

#

�n#

�
� n

�

#

�
3Er3|�

	&|�

Qrwlfh wkh h�hfw ri wkh vkrfn rq odqg sulfhv dqg odqg kroglqjv iru iduphuv lv ri wkh
vdph rughu ri pdjqlwxgh dv wkh vkrfn dqg kdv d shupdqhqw h�hfw dowkrxjk wkh vkrfn odvwv
iru rqh shulrg rqo|1
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518 Zhoiduh Dqdo|vlv

Wkh hfrqrp|*v wrwdo surgxfwlrq ru C(� lv jlyhq e|=

C(� E@|c &
S
| c &

�
| � � E@| n S�&S| nCE&�| � +44,

Frqvhtxhqwo|/ jlyhq pdunhw fohdulqj lq wkh odqg vhfwru/ wkh �uvw ehvw ohyho ri odqg kroglqjv
e| wkh iduphuv &W lq wkh vwhdg| vwdwh vdwlv�hv=

@n S ' C�E7& � &W� ' � E&W�- +45,

Krzhyhu/ lq wkh vwhdg| vwdwh/ zh kdyh=

@ '
C�E7& � &g��

-
' �E&g��

zkhuh &g� lv wkh vwhdg| vwdwh ohyho ri frqvxpswlrq lq wkh NP prgho1
Vlqfh �� : f dqg jlyhq wkh NP dvvxpswlrq wkdw=

S

@
: -� �

lw iroorzv wkdw lq wkh vwhdg| vwdwh/ wkh frqvwudlqhg surgxfhuv hqg xs sxufkdvlqj d vxerswl0
pdo dprxqw ri odqg E&g� 	 &W�� Lq rwkhu zrugv/ wkh froodwhudo frqvwudlqw uhgxfhv zhoiduh
+surgxfwlrq, khqfh uhod{lqj wkh froodwhudo frqvwudlqw zrxog lqfuhdvh zhoiduh lq wkh vwhdg|
vwdwh1 Wklv vxjjhvwv wkdw srolflhv zklfk uhgxfh wkh dprxqw ri ghew e| iduphuv zloo qrw ohdg
wr kljkhu zhoiduh lq wkh vwhdg| vwdwh dowkrxjk wkh| pljkw pdnh wkh hfrqrp| ohvv yxoqhudeoh
wr surgxfwlylw| vkrfnv1

Lq dgglwlrq/ vlqfh iroorzlqj d qhjdwlyh whpsrudu| vkrfn wr surgxfwlrq odqg sxufkdvhv
e| iduphuv C(� idoov/ wklv phdqv wkdw d qhjdwlyh surgxfwlylw| vkrfn orzhuv shupdqhqw
lqfrph dqg khqfh zhoiduh1 Lq idfw/ NP vkrz wkdw wkh shufhqwdjh fkdqjh lq C(� uhodwlyh
wr lwv vwhdg| vwdwh ydoxh htxdov

_C(�| ' {
@&g�

C(�g�
	 f

dw wlph | dqg=

C(�|nr '
@n S�-@

@n S

E@n S�

C(�g�*&g�
	&|nr3� 	 f iru r : f�

6 Uhvhuyh dqg Oltxlglw| Uhtxluhphqwv lq NP

Wkh iroorzlqj prgho lv dq h{whqvlrq ri wkh NP prgho wr dq rshq hfrqrp| zklfk dovr
lqwurgxfhv oltxlglw|2uhvhuyh uhtxluhphqwv1 Vshfl�fdoo|/ zh vhsdudwh frqvxphuv iurp �upv/
lqwurgxfh d jryhuqphqw dqg d oltxlg dvvhw lq zklfk fuhglw frqvwudlqhg �upv pxvw lqyhvw1

:



614 Frqvxphu

Wkh frqvxphu pd{lpl}hv suhvhqw glvfrxqwhg xwlolw|=

"[
f

q|�ES|� +46,

Wkh lqvwdqwdqhrxv xwlolw| ixqfwlrq �E�� lv dvvxphg wr h{klelw frqvwdqw hodvwlflw| ri vxevwl0
wxwlrq=

�ES� '
S�3

�

0 � �

�� �

0

+47,

Wkh frqvxphu*v  rz frqvwudlqw lv jlyhq e|=

-|3�K
�
|3� n S| ' K�| n %S| n %�| n � | +48,

zkhuh K� lv wkh krxvhkrog vhfwru qhw iruhljq ghew/ S lv frqvxpswlrq/ %S duh glylghqgv iurp
frqvwudlqhg �upv/ %� duh glylghqgv iurp qrq�frqvwudlqhg �upv/ � | duh qhw wudqvihuv iurp
wkh jryhuqphqw dqg wkh vxshuvfulsw � ghqrwhv frqvxphuv +ru krxvhkrogv,1

Wkh frqvxphu*v sureohp lv wr pd{lpl}h +46, vxemhfw wr +47,/ +48, dqg wkh qrq�Srq}l
jdph frqglwlrq wkdw *�4|<" K}|(E|�3� � f zkhuh (E|� �

T|

f
E� n or��

Wkh fruuhvsrqglqj �uvw rughu frqglwlrqv duh=

S
�

0

|n� ' S
�

0

| q-| +49,

*�4
|<"

��ES|�K
�
| q

3| � f�

zhuh b lv wkh odjudqjh pxowlsolhu lq wkh lqwhu�whpsrudo uhvrxufh frqvwudlqw1

615 Fuhglw Frqvwudlqhg Ilupv

Fuhglw frqvwudlqhg �upv duh vxemhfw wr wkh iroorzlqj exgjhw frqvwudlqw=

^|E&
S
| � &S|3�� n-|3�K

S
|3� n 5S| n %S| ' +| n KS| n-5

|3�5
S
|3�

zkhuh 5 duh oltxlg dvvhw kroglqjv/ -5 lv wkh uhwxuq rq wkh oltxlg dvvhw dqg wkh vxshuvfulsw
S qrz vwdqgv iru frqvwudlqhg �upv1

Zh pdlqwdlq wkh N)P dvvxpswlrqv wkdw=

41 wkh surgxfwlrq ixqfwlrq ri wkh frqvwudlqhg �up lv olqhdu lq fdslwdo dqg jlyhq e|
htxdwlrq +4, uhshdwhg khuh iru frqyhqlhqfh=

+S| ' ESn @|�&
S
|3�

51 glylghqgv fdqrw eh ohvv wkdq d iudfwlrq � ' S*E@| n S� ri wrwdo surgxfwlrq=

%S| � �+S| ' S&S|3� +4:,

;



Zh ghsduw iurp N)P lq wzr zd|v1

41 Ilupv fdq rqo| eruurz xs wr wkh ydoxh ri wkhlu froodwhudo zklfk pd| lqfoxgh oltxlg
dqg looltxlg dvvhwv=

-|K
S
| � ^|n�&

S
| n �-5

| 5
S
| +4;,

zkhuh � lv wkh shufhqwdjh ri oltxlg dvvhw zklfk pd| eh xvhg dv froodwhudo1

51 Zh lpsrvh d oltxlglw| uhtxluhphqw ri wkh irup=

5S| � B^|n�&
S
| +4<,

Lq rwkhu zrugv/ zh dvvxph wkdw eruurzhuv pxvw vhw dvlgh/ lq wkh irup ri d oltxlg
dvvhw/ d iudfwlrq B ri wkh ydoxh ri wkhlu lqyhvwphqwv lq odqg1

Wkh sureohp ri wkh fuhglw frqvwudlqhg �up lv wr pd{lpl}h wkh suhvhqw glvfrxqwhg ydoxh
ri glylghqgv1

"[
f

%S| Eq
��
|

vxemhfw wr +4,/ +4:,/ +4;, dqg +4<, dqg q�- 	 ��
Lw lv vkrzq lq wkh Dsshqgl{ wkdw=

41 Vlqfh � 	 � dqg -5
| 	 -| iru doo |c wkh froodwhudo frqvwudlqw lv fhuwdlq wr elqg1 Wkhuh

duh wkuhh uhdvrqv iru wklv1 Iluvw/ frqvlghu d �up zklfk ghflghv rq lwv �qdqfldo pl{
+l1h1 wkh sursruwlrq ri erqgv dqg fdvk iru d jlyhq ohyho ri wrwdo qhw �qdqfldo dvvhwv
�K| n 5|,1 Hyhq li wkh froodwhudo frqvwudlqw zhuh qrw elqglqj/ dqg vlqfh wkh udwh ri
uhwxuq rq dvvhwv lv orzhu wkdq wkh udwh ri uhwxuq rq ghew +l1h1 - : -5�/ lw lv rswlpdo
wr eruurz dv ohvv dv srvvleoh +e| vhwwlqj 5| ' f�1 Iru wkh vdph uhdvrq/ dq lqfuhdvh lq
fdvk dw wkh h{shqvh ri erqgv pdnhv wkh froodwhudo lq dgydqfh frqvwudlqw pruh elqglqj1
Ilqdoo|/ vlqfh looltxlg dvvhwv duh dw ohdvw dv surgxfwlyh dv froodwhudo wkdq oltxlg rqhv
+l1h1 � 	' �,/ wkh eruurzhu zrxog olnh wr krog dv olwwoh fdvk dv srvvleoh1

51 Li @ :
�
�

q
� �

�
S dqg q�- 	 �c lq wkh qhljkerukrrg ri wkh vwhdg| vwdwh wkh glylghqg

frqvwudlqw dqg wkh fuhglw frqvwudlqw duh elqglqj � l1h1 htxdwlrqv +4:, dqg +4<, krog
zlwk htxdolw|1 Frqvhtxhqwo|/ zh kdyh=

&S| '
�`|

^| � ^|n�
�

-
n ^|n�B

�
�� �

-5

|

-|

� +53,

zkhuh=
�`| � E@| n ^|� &

S
|3� n-5

|3�5
S
|3� � -|3�K

S
|3�c +54,

Htxdwlrq +53, vd|v wkdw wkh fuhglw frqvwudlqhg �up xvhv doo klv qhw zruwk �`| wr
�qdqfh fdslwdo sxufkdvhv1 Wkh ghqrplqdwru lq +53, fdq eh wkrxjkw dv wkh grzqsd|phqw
uhtxluhg wr sxufkdvh d xqlw ri odqg1 Wkh �uvw wzr whupv lq wklv ghqrplqdwru lqglfdwh wkh
gl�huhqfh ehwzhhq wkh sxufkdvh ydoxh ri odqg dw wlph | dqg wkh suhvhqw ydoxh ri lwv uhvdoh
sulfh rqh shulrg odwhu1 Wkh odvw whup lv wkh rssruwxqlw| frvw ri wkh oltxlglw| uhtxluhphqw
+lq wlph | xqlwv,1 Li wkh �up hpsor|v &S| xqlwv ri odqg/ lw kdv wr vhw dvlgh 5| ' B^|n�&

S
|

iru wkh oltxlglw| uhtxluhphqw1 Li � : fc krzhyhu/ lw fdq xvh d iudfwlrq �5| ' �B^|n�&
S
| dv

froodwhudo zklfk kdv d suhvhqw ydoxh ri �B^|n�
-5

|

-|

�

<



616 Xqfrqvwudlqhg Ilupv

Xqfrqvwudlqhg �upv duh qrw vxemhfw wr wkh froodwhudo lq dgydqfh frqvwudlqw +dv ehiruh, qru
wr wkh oltxlglw| uhtxluhphqw +iru vlpsolflw|,1 Frqvhtxhqwo|/ wkhlu sureohp lv wkh vdph dv
ri wkh xqfrqvwudlqhg frqvxphu2�up ri wkh g� prgho dqg htxdwlrqv +9, dqg +:, frqwlqxh
wr krog=

�E&S| � ' ^| �
^|n�
-|

�E&S| � �
�

-|

C�

�
7& � &S|

�

617 Jryhuqphqw

Wkh jryhuqphqw vhwv wkh oltxlglw| uhtxluhphqw/ lvvxhv wkh oltxlg dvvhw dqg wd{hv wkh frq0
vxphu lq d oxps vxp idvklrq=

-|3�K
}
|3� n-5

|3�5|3� n � | ' K}| n 5|�

zkhuh wkh vxshuvfulsw } vwdqgv iru jryhuqphqw1

618 Htxloleulxp

Frpelqlqj +53,/ +54, dqg +:, zh rewdlq=

dE�� �-�^| n �-�E&|�o &| ' E@| n ^|� &|3� n-5
|3�5|3� � -|3�K|3� +55,

zkhuh zh kdyh gursshg wkh vxshuvfulsw S wr hfrqrpl}h rq qrwdwlrq dqg=

�| �
� n B�-5

|

-|

� B +56,

Frqvrolgdwlqj wkh exgjhw frqvwudlqwv ri doo wkh djhqwv lq wklv hfrqrp|/ zh kdyh=

-|3�K|3� n S| ' C(�| n K|

zkhuh=
K � K� n KS n K� n K}

Lqwhjudwlqj iruzdug dqg hpsor|lqj wkh uhohydqw Qrq0Srq}l jdph frqglwlrq dqg wkh idfw
wkdw -q ' �/

"[
r'|

-r3|Sr '
"[
r'|

-r3|C(�r � -K| +57,

Pruhryhu/ vlqfh - ' q3� iurp +49, lw fdq eh vhhq wkdw Sr ' S iru doo r � | dqg vr=

S ' E-� ��

%
"[
r'|

-r3|3�C(�r � Kr

&
+58,
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61814 Vwhdg| Vwdwh

Lq wkh vwhdg| vwdwh/ htxdwlrq +53, ehfrphv=

��E^c Bc ��& ' �`L E^c Bc �� &

zkhuh=

��E^c Bc �� ' ^

�
��

�

-
n B

�
��

�-5

-

��
� +59,

�`L E^c Bc �� ' @n ^ dBE�� ��-5o � +5:,

zklfk duh/ uhvshfwlyho|/ wkh pdujlqdo frvw ri kroglqj odqg dqg qhw zruwk shu xqlw ri odqg
erwk hydoxdwhg lq wkh vwhdg| vwdwh1 Frqvhtxhqwo|/ lq wkh vwhdg| vwdwh wkh pdujlqdo frvw ri
odqg htxdov wkh qhw zruwk shu xqlw ri odqg1

Vroylqj h{solflwo|/ zh kdyh

^ '
@

�� �

-
n B

��
�� �-5

-

�
n E�� ��-5

� +5;,

zkrvh ydoxh ghshqgv rq wkh ydoxhv ri � dqg B�
Wr xqghuvwdqg wkh h�hfw ri oltxlglw| uhtxluhphqwv rq wkh vwhdg| vwdwh lw lv xvhixo wr

glvwlqjxlvk wkh h�hfw wkdw wkh oltxlglw| uhtxluhphqw kdv rq wkh pdujlqdo rssruwxqlw| frvw
ri kroglqj odqg dqg qhw zruwk shu xqlw ri odqg lq wkh vwhdg| vwdwh iru gl�huhqw ydoxhv ri ��

41 Zkhq � ' fc lqvshfwlrq ri +59, vkrzv wkdw d pdujlqdo lqfuhdvh lq B ohdgv wr dq
lqfuhdvh lq pdujlqdo frvw lq wkh dprxqw ri wkh sulfh ri odqg ^ ehfdxvh wkh �up kdv wr
vhw dvlgh pruh ri wkh oltxlg dvvhw iru wkh oltxlglw| uhtxluhphqw1 Rq wkh rwkhu kdqg/
dv orqj dv wkh oltxlg dvvhw sd|v vrph lqwhuhvw +l1h1 -5 : �,/ d pdujlqdo lqfuhdvh lq
B ohdgv wr dq lqfuhdvh lq wkh qhw zruwk shu xqlw ri odqg lq wkh dprxqw -5^ ehfdxvh
wkh lvvxh ri wkh erqg lqfuhdvhv wkh qhw zruwk ri wkh �up qh{w shulrg � zlwqhvv wkh
uljkw kdqg vlgh ri +5:,1 Wklv phdqv wkdw wkh h�hfw rq wkh qhw zruwk shu xqlw ri odqg
rxwzhljkv wkh h�hfw rq pdujlqdo frvw dv orqj dv wkh udwh ri uhwxuq rq wkh oltxlg dvvhw
lv srvlwlyh vr wkdw wkh sulfh ri odqg kdv wr ulvh1

51 Zkhq � ' �c lqvshfwlrq ri +59, vkrzv wkdw d pdujlqdo lqfuhdvh lq B ohdgv wr dq
lqfuhdvh lq pdujlqdo frvw lq wkh dprxqw ri ^

�
�� -5

-

�
ehfdxvh wkh �up kdv wr vhw

dvlgh pruh ri wkh oltxlg dvvhw iru wkh oltxlglw| uhtxluhphqw exw fdq xvh vrph sduw ri
wkh oltxlg dvvhw dv froodwhudo1 Rq wkh rwkhu kdqg/ vlqfh doo oltxlg dvvhwv duh xvhg dv
froodwhudo/ qhw zruwk shu xqlw ri odqg grhv qrw lqfuhdvh1 Wklv lpsolhv wkdw wkh sulfh
ri odqg kdv wr idoo dv B ulvhv1

61 Lw fdq eh vkrzq wkdw dv � ulvhv lw lv pruh olnho| wkdw wkh h�hfw rq wkh pdujlqdo frvw
rxwzhljkv wkh h�hfw rq wkh qhw zruwk shu xqlw ri odqg vr wkdw ^ idoov zlwk B�

Pdqlsxodwlrq ri htxdwlrq +9, hydoxdwhg dw wkh vwhdg| vwdwhv uhyhdov wkdw wkh vwhdg|
vwdwh ohyho ri odqg kroglqjv e| eruurzhuv vroyhv=

C�

�
7& � &

�
' ^ E-� ��
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Vlqfh C lv frqfdyh/ d kljkhu ^ ohdgv wr d kljkhu &� Lqwxlwlyho|/ dv wkh ydoxh ri odqg lqfuhdvhv
wkh rssruwxqlw| frvw ri kroglqj odqg lqfuhdvhv iru wkh xqfrqvwudlqhg �upv vr wkdw wkh|
zrxog olnh wr krog ohvv odqg1 Vlqfh wkh wrwdo vxsso| ri odqg lv �{hg/ wklv lpsolhv wkdw
odqgkroglqjv e| frqvwudlqhg �upv pxvw ulvh1

Jurvv grphvwlf surgxfw/ lq wxuq/ lv jlyhq e|=

C(� E@c &� ' E@n S�& nCE7& � &�

zklfk lv lqfuhdvlqj lq ^1 Lqwxlwlyho|/ dv ^ lqfuhdvhv/ vr grhv &� Exw vlqfh gxh wr froodwhudo
lq dgydqfh frqvwudlqw wkh eruurzhu odqg kroglqjv zhuh ehorz wkh �uvw ehvw/ dq lqfuhdvh lq
& ohdgv wr kljkhu C(��

Wkh idfw wkdw zkhq � ' fc ^c & dqg C(� duh kljkhu frpsduhg wr wkhlu vwhdg| vwdwh
ydoxhv lq wkh devhqfh ri wkh oltxlglw| uhtxluhphqw lv xsvhwwlqj ehfdxvh=

41 wkh lqwurgxfwlrq ri d glvwruwlrq +l1h1 wkh oltxlglw| uhtxluhphqw, lpsuryhv zhoiduh lq
wkh vwhdg| vwdwh1

51 wkh iruphu uhvxow lv dssduhqwo| frxqwhu0lqwxlwlyh ehfdxvh lw zrxog vhhp wr lpso| wkdw
xqfrqvwudlqhg �upv kdyh dq lqfhqwlyh wr krog wkh oltxlg dvvhw zklfk lv grplqdwhg e|
wkh erqg1

Zlwk uhjdugv wr srlqw 41/ lw lv zhoo nqrzq iurp wkh wkhru| ri wkh vhfrqg ehvw wkdw wkh
lpsrvlwlrq ri d vhfrqg uhvwulfwlrq +wkh oltxlglw| uhtxluhphqw, zkhq dq lqlwldo uhvwulfwlrq
lv suhvhqw +wkh froodwhudo lq dgydqfh frqvwudlqw, fdq ohdg wr dq lqfuhdvh lq zhoiduh1 Zlwk
uhjdugv wr srlqw 51/ odqg sulfhv duh kljkhu lq wkh vwhdg| vwdwh rqo| ehfdxvh wkh jryhuqphqw
kdv wkh srzhu wr hqirufh wkh oltxlglw| uhtxluhphqw1 Li wkh jryhuqphqw glg qrw kdyh vxfk
srzhu/ hdfk eruurzhu zrxog olnh wr krog dv olwwoh dprxqw ri fdvk dv srvvleoh dqg zh zrxog
eh edfn wr wkh NP zruog1 Lw lv suhflvho| ehfdxvh wkh sulydwh lqfhqwlyh ri hdfk lqglylgxdo
xqfrqvwudlqhg �upv lv qrw doljqhg zlwk wkh lqfhqwlyhv ri xqfrqvwudlqhg �upv dv d jurxs
wkdw wkh oltxlglw| uhtxluhphqw lpsuryhv zhoiduh lq wkh vwhdg| vwdwh16

619 Whpsrudu| Surgxfwlylw| Vkrfn dqg Htxloleulxp

Frqvlghu dq xqh{shfwhg whpsrudu| ghfuhdvh lq wkh surgxfwlylw| ri odqg1 Irupdoo|/ vwduwlqj
iurp dq vwhdg| vwdwh lq zklfk @r ' @ iru doo r 	 | lw lv dqqrxqfhg ehwzhhq wlph |� � dqg
wlph | wkdw wkh sdwk ri @| lv jlyhq e|=

@r '

;?
=

@ iru r 	 |
@�{@ iru r ' |
@ iru r : |

zkhuh { : f� Iru vlpsolflw|/ dvvxph wkdw -| ' - ' q3� dqg -5
| ' -5 iru doo |�

Dw wlph |c wkh vkrfn wr @ lv xqdqwlflsdwhg1 Frqvhtxhqwo|/ wkh ydoxh ri odqg lv qrw
qhfhvvdulo| htxdo wr lwv h{shfwhg ydoxh sulru wr wkh vkrfn=

^| 9' ^e| ' ^

6Wkh vlwxdwlrq idfhg e| eruurzhuv lq wklv hfrqrp| lv dqdorjrxv wr wkdw ri wkh phpehuv ri d fduwho zkr

kdyh lqfhqwlyhv wr xqghufxw wkh fduwho sulfh1
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zkhuh ^| lv wkh dfwxdo sulfh dw |c ^
e
| lv wkh h{shfwhg dv ri wlph |� � sulfh ri odqg dw wlph |

dqg ^ lv wkh vwhdg| vwdwh ydoxh ri ^ zklfk lv htxdo wr ^| vlqfh wkh hfrqrp| zdv vxssrvh wr
eh lq d vwhdg| vwdwh sulru wr wkh dqqrxqfhphqw ri wkh sdwk ri @�

Frqvhtxhqwo| xvlqj +54, zh jhw wkh htxloleulxp htxdwlrq lq wkh suhvhqfh ri dq xqh{0
shfwhg vkrfn=

dE�� �-�^| n �-�E&|�o &| ' �`| ' i@�{@n ^| � ^ n ^ dBE�� ��-5oj & +5<,

zkhuh=
lv wkh lqyhuvh ri jurvv lqwhuhvw udwh idfhg e| iduphu dgmxvwhg iru wkh oltxlglw| uhtxluh0

phqw1
Iru r : | vkrfnv duh dqwlflsdwhg vr ^er ' ^r khqfh wkh htxloleulxp htxdwlrq lv=

dE�� �-�^r n �-�E&r�o &r ' �`r ' i@n ^r dBE�� ��-5oj &r3� +63,

Wr xqghuvwdqg wkh g|qdplfv ri wkh v|vwhp diwhu d vkrfn lw lv frqyhqlhqw wr glvwlqjxlvk
ehwzhhq lpsdfw h�hfwv dqg wkh phfkdqlvp e| zklfk wkhvh vkrfnv sursdjdwh11

61914 Lpsdfw H�hfwv

Vlqfh djhqwv ohduq derxw wkh h{lvwhqfh ri wkh vkrfn ehiruh wlph | duulyhv dqg sulru wr | wkh
hfrqrp| zdv lq wkh vwhdg| vwdwh zh kdyh &|3� ' &� Lq dgglwlrq/ vlqfh wkh hfrqrp| zdv lq d
vwhdg| vwdwh/ wkh| h{shfwhg wkdw wkh sulfh ri odqg dw wlph | zrxog eh htxdo wr wkh fxuuhqw
sulfh vr wkdw ^e| ' ^� Frqvhtxhqwo|/ xvlqj +BB,=

dE�� �-�^| n �-�E&|�o &| ' �`| ' i@�{@n ^| � ^ n ^ dBE�� ��-5oj & +64,

Xvlqj +64, zh fdq revhuyh wkh vkrfn lq odqg h{shqglwxuhv jlyhv ulvh wr dq lpsdfw ghfolqh
lq odqg sxufkdvhv lq wkuhh zd|v=

41 Wkh gluhfw qhw zruwk h�hfw1 Vlqfh surgxfwlylw| idoov/ surgxfwlrq idoov lq wkh dprxqw
m{@&m vr wkdw qhw zruwk idoov1

51 Pxowlsolhu h�hfwv1 Wkh ghfolqh lq qhw zruwk lqgxfhv d ghfolqh lq iduphuv h{shqgl0
wxuhv ri odqg= dE�� �-�^| n �-�E&|�o &|1 Wkh idoo lq wkh dprxqw vshqw rq odqg jhwv
wudqvodwhg lqwr orzhu odqg sxufkdvhv dqg d orzhu sulfh iru odqg1 Wklv lqgxfhv dq
xqh{shfwhg idoo lq wkh ydoxh ri froodwhudo htxdo wr E^ � ^|� lq wkh �uvw shulrg zklfk
lqgxfhv dq hyhq odujhu idoo lq qhw zruwk1

61 Wkh ghfuhdvh lq wkh rssruwxqlw| frvw ri odqg1 Vlqfh

�� �- ' B E-� �-5�

wkh lqgxfhg ghfuhdvh lq ^| ghfuhdvhv wkh rssruwxqlw| frvw ri sxufkdvlqj odqg1 Wklv
whqgv wr r�vhw wkh suhylrxv wzr h�hfwv1
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61915 Sursdjdwlrq Phfkdqlvp

Diwhu wlph |c vlqfh wkhuh duh qr xqh{shfwhg vkrfnv/ wkh iroorzlqj wzr htxdwlrqv jryhuq wkh
sdwk ri ^ dqg & G

dE�� �-�^|nr n �-�E&|nr�o &|nr ' i@n ^|nr dBE�� ��-5oj &|nr3� +65,

^|nr ' -^|nr3� � -�E&|nr3�� +66,

Wkh ehkdylru ri wkh v|vwhp ghshqgv rq wkh ydoxhv ri � dqg B�

41 Iru dq| &|nr3�c dq| idoo lq wkh sulfh ri odqg zloo eulqj derxw d orzhu frvw ri sxufkdvlqj
odqg zklfk zloo lqfuhdvh wkh ghpdqg iru odqg1 Wkh kljkhu B dqg � duh/ wkh pruh
uhvsrqvlyh lv wkh rssruwxqlw| frvw ri kroglqj odqg wr odqg sulfhv1 Wklv lpsolhv wkdw
odqg ghpdqg zloo eh pruh qhjdwlyho| hodvwlf zlwk uhvshfw wr ^|nr�

51 Dovr/ iru dq| jlyhq &|nr3�c wkh kljkhu B lv dqg wkh orzhu � lv/ wkh kljkhu qhw zruwk zloo
eh iru dq| ^|nr +vlqfh BE����-5 lv lqfuhdvlqj lq B dqg ghfuhdvlqj lq ��� Frqvhtxhqwo|/
odqg sxufkdvh zloo eh pruh srvlwlyho| hodvwlf zlwk uhvshfw wr odqg sulfhv dv B lqfuhdvhv
dqg � idoov1

61 Ilqdoo|/ vlqfh wkh rssruwxqlw| frvw ri sxufkdvlqj odqg lv dq lqfuhdvlqj ixqfwlrq ri
wkh dprxqw ri odqg frqvxphg +qrwlfh wkh whup �-�E&|nr� lq htxdwlrq ,c wkh kljkhu
� dqg B duh/ wkh orzhu wkh lqfuhdvh lq wkh rssruwxqlw| frvw ri odqg dv odqg sxufkdvhv
e| eruurzhuv ulvh1

Vlqfh � dqg B lq xhqfh wkh deryh phqwlrqhg idfwruv lq gl�huhqw zd|v/ wkh ehkdylru ri
wkh g|qdplf v|vwhp ghshqgv rq wkh uhodwlyh vwuhqjwkv ri wkhvh h�hfwv1

Wklv glvfxvvlrq lpsolhv wkdw wkh sursdjdwlrq ri vkrfnv lv ghwhuplqhg e| wkh ydoxhv ri
� dqg B lq dq lqwxlwlyh zd|1 Wkh fdyhdw lv wkdw wkhvh vlqfh wkhvh h�hfwv frxqwhudfw hdfk
rwkhu wkh h{dfw ehkdylru ri wkh v|vwhp fdq rqo| eh ghwhuplqhg e| qxphulfdo fdofxodwlrq1
Zh zloo srvwsrqh wkh qxphulfdo vlpxodwlrqv xqwlo Vhfwlrq 81 Lq vhfwlrq 7 zh zloo dqdo|}h
wkh fdvh ri d wd{ rq vkruw whup fdslwdo lq rzv1

7 Wd{ rq Fdslwdo Lq rzv

Iru vlpsolflw|/ zh dvvxph wkdw wkh sureohp idfhg e| frqvxphuv/ xqfrqvwudlqhg �upv dqg
wkh jryhuqphqw lv wkh vdph dv ehiruh1 Frqvwudlqhg �upv/ krzhyhu/ kdyh wr sd| d wd{ shu
groodu lvvxhg1

714 Fuhglw Frqvwudlqhg Ilupv

Zh lqwurgxfh d wd{ rq vkruw whup ghew vxfk wkdw iru dq| groodu ri ghew lvvxhg/ wkh ohqghu
kdv wr sd| d wd{ lq wkh dprxqw K|� zkhuh � lv wkh wd{1 Wkh eruurzhuv exgjhw frqvwudlqw lv
jlyhq e|=

^|E&
S
| � &S|3�� n-|3�K

S
|3� � %S| ' +| n KS|E�� ��
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Wkh uhvw ri wkh vhwxs lv wkh vdph dv wkh rqh lq wkh suhylrxv vhfwlrq h{fhsw wkdw zh gr qrw
lpsrvh wkh oltxlglw| uhtxluhphqw +l1h1 htxdwlrq 4<, dqg wkh jryhuqphqw grhv qrw lvvxh wkh
oltxlg dvvhw1

Vlqfh d �up wkdw lvvxhv d erqg lq wkh dprxqw K| rqo| uhfhlyhv K| E�� �� diwhu wd{/ exw
vwloo kdv wr sd| K|-| qh{w shulrg/ wklv phdqv wkdw wkh diwhu wd{ frvw ri ghew lv -|* E�� ��1
vr wkdw wkh prgho lq wklv vhfwlrq lv vlplodu wr wkh NPprgho zlwk d kljkhu frvw ri ghew1
Frqvhtxhqwo|/ lw lv vwloo wkh fdvh wkdw wkh fuhglw frqvwudlqw lv elqglqj vr wkdw=

&S| '
�`|

^| � ^|n�
�3�

-|

+67,

zkhuh=
�`| ' E@| n ^|� &

S
|3� � -|3�K

S
|3� +68,

lv qhw zruwk1 Wkh ghqrplqdwru lq +67, fdq eh wkrxjkw dv wkh rssruwxqlw| frvw ri kroglqj
d xqlw ri odqg1 Wkh �uvw whupv lq wklv ghqrplqdwru lv wkh sulfh ri odqg dw wlph |c dqg wkh
vhfrqg lv +plqxv, wkh suhvhqw ydoxh ri lwv uhvdoh sulfh rqh shulrg odwhu glvfrxqwhg dw wkh
diwhu wd{ frvw ri lqwhuhvw -|* E�� ��1

715 Xqfrqvwudlqhg Ilupv

Wkh sureohp idfhg e| xqfrqvwudlqhg �upv lv wkh vdph dv lq wkh suhylrxv vhfwlrq1

716 Jryhuqphqw

Wkh jryhuqphqw vhwv wkh wd{ udwh/ froohfwv wkh wd{ dqg uhwxuqv wkh jdlqv lq d oxps vxp
idvklrq=

-|3�K
�
|3� n � | ' �KS| n K}| n 5}| �

zkhuh K}| lv wkh jryhuqphqw ghew dqg 5}| lv wkh vxsso| ri wkh oltxlg dvvhw rxwvwdqglqj1

717 Whpsrudu| Surgxfwlylw| Vkrfn dqg Htxloleulxp

Frqvlghu/ djdlq dq xqh{shfwhg whpsrudu| ghfuhdvh lq wkh surgxfwlylw| ri fdslwdo1 Vwduwlqj
iurp d vwhdg| vwdwh htxloleulxp lq zklfk @| ' @ wkh sdwk iroorzhg e| surgxfwlrq lv jlyhq
e|=

@r '

;?
=

@ r 	 |
@�{@ r ' |
@ r : |

zkhuh { : f�
Wklv lpsolhv ^| 9' ^ ' ^e| � Frqvhtxhqwo| xvlqj +68, zh jhw wkh htxloleulxp htxdwlrq lq

wkh suhvhqfh ri dq xqh{shfwhg surgxfwlylw| vkrfn=

dE�� �-�^| n �-�E&|�o &| ' i@�{@n ^| � ^e| j & +69,
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zkhuh=

� '
�� �

-
�

Iru r : | vkrfnv duh dqwlflsdwhg/ khqfh ^er ' ^r� Wkh htxloleulxp htxdwlrq dw wlph r ' |
lv=

dE�� �-�^| n �-�E&|�o &| ' @|&|3� +6:,

718 Vwhdg| vwdwh

Lq wkh vwhdg| vwdwh wkh pdujlqdo rssruwxqlw| frvwv ri kroglqj odqg iru eruurzhuv lv=

^

�
��

�� �

-

�

zklfk lv lqfuhdvlqj lq � dqg lqfuhdvlqj lq iru dq| odqg sulfh ^1 Rq wkh rwkhu kdqg/ wkh qhw
zruwk shu xqlw ri odqg htxdov1 Frqvhtxhqwo|/ zh kdyh=

^A@% ' @

�
��

�� �

-

�
3�

	 @

�
��

�

-

�
3�

' ^g�

D wd{ rq vkruw whup ghew orzhuv wkh sulfh ri odqg1 Lqwxlwlyho|/ vlqfh wkh wd{ lqfuhdvhv wkh
rssruwxqlw| frvw ri kroglqj odqg/ wkh ghpdqg iru odqg e| wkh xqfrqvwudlqhg �up idoov vr
wkdw wkh sulfh ri odqg idoov1

Nqrzlqj ^ lw lv srvvleoh wr vroyh iru &A@% xvlqj=

�E&A@%� ' ^
-� �

-

Vlqfh �E�� lv lqfuhdvlqjc d orzhu wd{ orzhuv odqg sxufkdvhv e| frqvwudlqhg �upv zlwk uhvshfw
wr wkh NP prgho1

719 G|qdplfv

Djdlq/ zh glvwlqjxlvk ehwzhhq lpsdfw h�hfwv dqg wkh phfkdqlvp e| zklfk wkhvh vkrfnv
sursdjdwh lq rughu wr ehwwhu xqghuvwdqg wkh h�hfwv ri wkh vkrfn1

71914 Lpsdfw H�hfwv

Dw r ' |c zh kdyh=

d�^| n E�� ���E&|�o &| ' i@�{@n ^| � ^j & +6;,

Xvlqj +6;, zh fdq revhuyh wkh vkrfn lq odqg h{shqglwxuhv jlyhv ulvh wr dq lpsdfw ghfolqh
lq odqg sxufkdvhv lq wkuhh zd|v=

41 Wkh gluhfw qhw zruwk h�hfw1 Vlqfh surgxfwlylw| idoov/ wkh ydoxh ri odqg kroglqjv idoov
lq wkh dprxqw m{@&m vr wkdw qhw zruwk idoov1
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51 Wkh lqgluhfw qhw zruwk h�hfw1 Wkh ghfolqh lq qhw zruwk lqgxfhv d ghfolqh lq iduphuv
h{shqglwxuhv ri odqg= d�^| n E�� ��-�E&|�o &|1 Wkh idoo lq wkh dprxqw vshqg rq odqg
jhwv wudqvodwhg lqwr orzhu odqg sxufkdvhv dqg d orzhu sulfh iru odqg1 Wklv lqgxfhv dq
xqh{shfwhg idoo lq wkh ydoxh ri froodwhudo htxdo wr E^ � ^|� lq wkh �uvw shulrg zklfk
lqgxfhv dq hyhq odujhu idoo lq qhw zruwk1

61 Wkh lqfuhdvh lq wkh rssruwxqlw| frvw ri ghew1 Iru dq| &/ wkh odujhu Qrwlfh wkdw vlqfh
odqg lv h{shfwhg wr ghsuhfldwh +l1h1 ^| � ^ 	 f,1 Wklv whqgv wr r�vhw wkh deryh wzr
h�hfwv1

71915 Sursdjdwlrq Phfkdqlvp

41 Diwhu wlph |c vlqfh wkhuh duh qr xqh{shfwhg vkrfnv wkh iroorzlqj wzr htxdwlrqv jryhuq
wkh sdwk ri ^ dqg & G

d�^|nr n E�� ���E&|nr�o &|nr ' @&|nr3�

^|nr ' -^|nr3� � -�E&|nr3��

Wkh ehkdylru ri wkh v|vwhp ghshqgv rq wkh ydoxh ri ��

51 Iru dq| &|nr Edqg &|nr3� zklfk ghwhuplqhv qhw zruwk,/ dq| idoo lq wkh sulfh ri odqg
zloo eulqj derxw d orzhu rssruwxqlw| frvw orzhu frvw ri sxufkdvlqj odqg lq wkh dprxqw
�&|nr�

61 Ilqdoo|/ vlqfh wkh rssruwxqlw| frvw ri sxufkdvlqj odqg lv dq lqfuhdvlqj ixqfwlrq ri wkh
dprxqw ri odqg frqvxphg +qrwlfh wkh whup E�� �� �E&|nr� lq htxdwlrq ,c wkh kljkhu
� lv/ wkh orzhu wkh idoo lq wkh rssruwxqlw| frvw ri odqg dv odqg sxufkdvhv e| eruurzhuv
ulvh1

Wkh kljkhu � c wkh kljkhu lv wkh zhljkw jlyhq wr odqg sulfhv1 Exw vlqfh odqg sulfhv duh
dxwruhjuhvvlyh/ wklv whqgv wr jlyh pruh shuvlvwhqfh wr wkh vkrfnv1

8 Frpsdudwlyh dqdo|vlv ri fdslwdo pdunhw lqwhuyhq0

wlrqv

Lq wklv vhfwlrq zh suhvhqw d frpsdulvrq ri wkh gl�huhqw srolflhv1 Zh irfxv rq wkuhh vshfl�f
srolflhv d, d sxuh wd{/ e, d }hur0uhpxqhudwhg oltxlglw| uhtxluhphqw dqg f, d uhpxqhudwhg
oltxlglw| uhtxluhphqw1 814 zh frpsduh wkh h�hfw ri gl�huhqw srolflhv rq wkh uhvshfwlyh
vwhdg| vwdwhv dqg lq Vhfwlrq 815 zh frpsduh wkh g|qdplf dgmxvwphqw wr d surgxfwlylw|
vkrfn xqghu wkh wkuhh srolflhv1 Lq erwk vhfwlrqv zh dvvxph wkdw wkh shufhqwdjh ri wkh
oltxlglw| uhtxluhphqw wkdw fdq eh xvhg dv froodwhudo lv qlo +l1h1 � ' f, iru wkh iroorzlqj
uhdvrq1 Zh zloo vhh ehorz wkdw iru dq| B ru -5c vhwwlqj � ' f lv wkh srolf| wkdw pd{lpl}hv
wkh vwhdg| vwdwh ohyho ri C(�� Lq dgglwlrq qxphulfdo vlpxodwlrqv vkrz wkdw wklv lv dovr
wkh srolf| wkdw plqlpl}hv pdfur�hfrqrplf  xfwxdwlrqv iru d jlyhq B dqg -5� Rq wkh rwkhu
kdqg/ uhfdoo wkdw iurp rxu glvfxvvlrq ri oltxlglw| uhtxluhphqwv/ frqvwudlqhg �upv kdyh wkh
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lqfhqwlyh wr dyrlg wkh uhtxluhphqw dqg wr xvh wkh oltxlg dvvhw dv froodwhudo1 Lq Vhfwlrq 816
zh dqdo|}h zkdw kdsshqv zkhq xqfrqvwudlqhg �upv duh deoh wr flufxpyhqw wkh oltxlglw|
uhtxluhphqw1

Ehiruh surfhhglqj/ krzhyhu/ zh gh�qh wkh �Rxwsxw orvv uhodwlyh wr wkh �uvw ehvw� dv=

, �
C(� W �C(�

C(� W

zkhuh C(� W lv wkh �uvw ehvw ohyho ri jurvv grphvwlf surgxfw1 Wklv frqfhsw zloo eh yhu|
xvhixo zkhq frpsdulqj wkh gl�huhqw srolflhv1

814 Srolf| Lqwhuyhqwlrq dqg wkh Vwhdg| Vwdwh

Wkh �uvw lvvxh zh frqvlghu lv krz wkh gl�huhqw srolflhv d�hfw wkh vwhdg| vwdwh yduldeohv1
Zh zloo vwxg| wklv lvvxh erwk txdolwdwlyho| dqg txdqwlwdwlyho|1

81414 Txdolwdwlyh Dqdo|vlv

Shukdsv qrw vxusulvlqjo|/ lw fdq eh vkrzq wkdw wkh sxuh wd{ jlyhv wkh orzhvw kroglqjv ri
fdslwdo iru wkh frqvwudlqhg vhfwru dq wkh orzhvw JGS1 Wkh qrq0uhpxqhudwhg uhvhuyh uhtxluh0
phqw grhv ehwwhu wkdq wkh wd{ exw lv grplqdwhg e| wkh uhpxqhudwhg uhvhuyh uhtxluhphqw1
Lq idfw rqh fdq suryh wkh iroorzlqj=

Sursrvlwlrq 4 Dvvxph wkdw � ' f dqg wkdw

@

�� �

-
n BE�� -5�

�
@n S

-� �
+6<,

Wkhq/

�
%A@% 	 %g� ' %�u�^ 	 %-u�^ � %W +73,

zkhuh % ' ^c &c C(� dqg �, dqg wkh vxshuvfulswv -u�^c �u�^c g�cA@% dqg �
vwdqg iru uhqxphudwhg oltxlglw| uhtxluhphqw +l1h1 -5 : �,/ qrq�uhqxphudwhg oltxlglw|
uhtxluhphqw +l1h1 -5 ' �,/ qr lqwhuyhqwlrq +l1h1 wkh ruljlqdo NP prgho,/ wkh sxuh
wd{ dqg wkh �uvw ehvw ohyho uhvshfwlyho|1

� Wkh zhdn lqhtxdolw| lq +73, lv vwulfw l� wkh zhdn lqhtxdolw| lq +6<, lv vwulfw1

Surri1 Vhh Pdwkhpdwlfdo Dsshqgl{1
Dowkrxjk wkh lqwxlwlrq iru wklv uhvxow zdv jlyhq lq suhylrxv vhfwlrqv/ zh uhshdw lw khuh

iru frpsohwhqhvv1 Zh vwduw zlwk wkh sulfh ri odqg1 D wd{ rq ghew lqfuhdvhv wkh rssruwxqlw|
frvw ri ghew iru wkh frqvwudlqhg �up dv frpsduhg wr wkh NP prgho vr wkdw wkh| ghpdqg
ohvv odqg dqg wkh sulfh gursv1 Zkhq -5 : �c wkh oltxlglw| uhtxluhphqw lqfuhdvhv wkh qhw
zruwk shu xqlw ri odqg lq wkh vwhdg| vwdwh pruh wkdq lw grhv wkh rssruwxqlw| frvw ri odqg
ylv�ä�ylv wkh NP prgho vr wkdw wkh sulfh ri odqg lqfuhdvhv1 Frqglwlrq 6< lqvxuhv wkdw wkh
sulfh ri odqg grhv qrw h{fhhg wkdw ri wkh �uvw ehvw1 Zkhq -5 ' � dqg � ' fc wkh pdujlqdo
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Wdeoh 814= Ehqfkpdun Sdudphwhuv

Ghvfulswlrq V|pero Ydoxh

Wrwdo Idfwru Surgxfwlylw| ri Eruurzhuv @n S 4

Sursruwlrq ri Surgxfwlrq sdlg dv Glylghqg S*E@n S� 315

Wrwdo Idfwru Surgxfwlylw| ri Ohqghuv � 418

Hodvwlflw| ri Surgxfwlrq iru Ohqghuv w 18

Jurvv Uhdo lqwhuhvw udwh - 4143

Oderu Hqgrzphqw 7& 63

Vkrfn wr Surgxfwlylw| { 43(

Shufhqwdjh ri Uhvhuyh Frpsrqhqw Xvhg dv Froodwhudo � 3

frvw ri odqg lqfuhdvhv lq wkh vdph sursruwlrq dv wkh qhw zruwk shu xqlw ri odqg zkhq wkh
oltxlglw| uhtxluhphqw lv srvlwlyh vr wkdw wkh sulfh ri odqg lv wkh vdph dv lq wkh NP prgho1

Zlwk uhvshfw wr &/ dv wkh sulfh ri odqg lqfuhdvhv/ wkh rssruwxqlw| frvw ri odqg ulvhv
iru wkh xqfrqvwudlqhg �upv vr wkdw lw xvhv ohvv odqg1 Jlyhq pdunhw fohdulqj/ odqg xvh e|
frqvwudlqhg �upv lqfuhdvhv1 Ilqdoo|/ vlqfh odqg xvh e| frqvwudlqhg �upv lv ehorz wkh �uvw
ehvw/ dq| srolf| zklfk lqfuhdvhv & lqfuhdvhv C(� dqg orzhuv wkh rxwsxw orvv uhodwlyh wr
wkh �uvw ehvw +djdlq/ frqglwlrq 6< jxdudqwhhv wklv lv wkh fdvh iru wkh oltxlglw| uhtxluhphqw,1

81415 Txdqwlwdwlyh Dqdo|vlv

Ehiruh zh surfhhg zlwk wkh dqdo|vlv surshu/ rqh qhhgv wr srvlw d surgxfwlrq ixqfwlrq iru
wkh xqfrqvwudlqhg vhfwru dqg suhvhqw rxu ehqfkpdun sdudphwhuv1

Dv wr wkh iruphu/ zh dvvxph wkdw wkh surgxfwlrq ixqfwlrq lv jlyhq e|=

CE%� ' �%w

Wkh ehqfkpdun sdudphwhuv iru wkh vlpxodwlrqv duh jlyhq lq Wdeoh 8141
Zh duh qrz lq srvlwlrq wr glvfxvv wkh qxphulfdo uhvxowv zklfk duh vkrzq lq Wdeoh 8151

Wkh wdeoh looxvwudwhv wkdw dowkrxjk oltxlglw| uhtxluhphqwv eduho| lpsuryh xsrq wkh ruljlqdo
NP prgho wkh| fohduo| grplqdwh wkh sxuh wd{ +vshfldoo| zlwk uhjdugv wr odqg kroglqjv dqg
rxwsxw orvv,1 Lq h�hfw wkh sxuh wd{ hqwdlov d zkrsslqj 9( rxwsxw orvv1

815 Srolf| Lqwhuyhqwlrq dqg G|qdplfv

Wkh vhfrqg lvvxh zh frqvlghu lv krz hdfk srolf| grhv zkhq frqiurqwhg zlwk d qhjdwlyh
vkrfn1 Khuh/ dqdo|wlfdo uhvxowv duh pruh gl!fxow wr frph e|1 Khqfh zh suhvhqw d vhw ri
qxphulfdo vlpxodwlrqv17

Wdeoh 816 vxppdul}hv wkh uhvxowv iru wzr sduwlfxodu vlpxodwlrqv +ydulrxv vlpxodwlrqv
zhuh wulhg zlwk gl�huhqw sdudphwhu ydoxhv,1 Iljxuhv 5�7 +ehorz, looxvwudwh wkh frpsohwh
sdwk ri ^/ &c C(� dqg ,EC(� � iroorzlqj dq xqh{shfwhg vkrfn iru wkh srolf| sdudphwhuv
jlyhq lq Sdqho D ri Wdeoh 8161

7Lq rughu wr vroyh wkh prgho zh olqhdul}h lw durxqg wkh vwhdg| vwdwh1 Ghwdlov uhjduglqj wkh fdofxodwlrq

ri wkh olqhdul}hg sdwk duh dydlodeoh xsrq uhtxhvw1
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Wdeoh 815= Srolf| Frpsdulvrq � Vwhdg| Vwdwhv

Vwhdg| Vwdwh Ydoxhv

Sdqho D= B ru � htxdo 43(

Srolf| Srolf| Sdudphwhu Hqgrjhqrxv Yduldeoh

B -5 � ^@ &@ ,

Uhqxphudwhg Oltxlglw| Uhtxluhphqw 43( 413; 0 438 434 3134

]hur Uhqxphudwhg Oltxlglw| Uht1 43( 4 0 433 433 313<

Sxuh Wd{ 0 0 43( 9: :6 9159

Sdqho E= B ru � htxdo 53(

Srolf| Srolf| Sdudphwhu Hqgrjhqrxv Yduldeoh

B -5 � ^@ &@ ,

Uhqxphudwhg Oltxlglw| Uhtxluhphqw 53( 413; 0 443 436 3136

]hur Uhqxphudwhg Oltxlglw| Uht1 53( 4 0 433 433 3143

Sxuh Wd{ 0 0 53( 83 56 5917;

@Dv d shufhqwdjh ri wkh NP prgho1

Wdeoh 816= Srolf| Frpsdulvrq � G|qdplfv

Sdqho D= B ru � htxdo 43(

Srolf| Srolf| Sdudphwhu Hqgrjhqrxv Yduldeoh

B -5 � ^@ &@ C(� @ ,K

N)P 0 0 0 05;17 07:13 04618 4615

Uhqxphudwhg Oltxlglw| Uhtxluhphqw 43( 413; 0 04;19 0561: 091: 91:

]hur Uhqxphudwhg Oltxlglw| Uht1 43( 4 0 04915 05615 0919 919

Sxuh Wd{ 0 0 43( 0913 05519 0814 4413

Sdqho E= B ru � htxdo 53(

Srolf| Srolf| Sdudphwhu Hqgrjhqrxv Yduldeoh

B -5 � ^@ &@ C(� @ ,K

Uhqxphudwhg Oltxlglw| Uhtxluhphqw 53( 413; 0 04715 04618 091: 91;

]hur Uhqxphudwhg Oltxlglw| Uht1 53( 4 0 0431: 04716 0918 919

Sxuh Wd{ 0 0 53( 031; 04419 0514 5;13

@Shufhqwdjh Fkdqjh zlwk uhvshfw wr vwhdg| vwdwh ydoxh diwhu wkh vkrfn1
KShufhqwdjh orvv zlwk uhvshfw wr �uvw ehvw diwhu wkh vkrfn1
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Zh �qg wkdw rxu ruljlqdo lqwxlwlrq lv fruuhfw lq wkdw d sxuh wd{ uhgxfhv wkh yxoqhudelolw|
ri wkh hfrqrp| wr d qhjdwlyh vkrfn lq wkh vhqvh wkdw wkh shufhqwdjh fkdqjh zlwk uhvshfw
wr wkh vwhdg| vwdwh ri ^c & dqg C(� lv vorzhu wkdq lq wkh NP prgho +dqg wkh rwkhu
srolflhv iru wkdw pdwwhu,1 Rqh zd| wr wklqn derxw wklv lv wkdw wkh wd{ uhgxfhv wkh udwlr
ri ghew wr odqg kroglqjv lq wkh vwhdg| vwdwh1 Zkhq d qhjdwlyh vkrfn duulyhv/ dowkrxjk wkh
pxowlsolfdwlrq h�hfw lv vwloo suhvhqw/ wkh �up lv ohvv ohyhudjhg vr wkdw shufhqwdjh idoo lq
odqg sulfhv/ odqg kroglqjv dqg C(� lv orzhu1 Zh dovr �qg wkdw wkh vshhg e| zklfk odqg lv
vxevhtxhqwo| dffxpxodwhg djdlq e| wkh frqvwudlqhg vhfwru wr jhw edfn wr wkh vwhdg| vwdwh
lv pxfk vorzhu wkdq lq wkh ruljlqdo prgho1 Wkh uhvxowv vkrz/ krzhyhu/ wkdw qr lqwhuyhqwlrq
grplqdwhv wkh sxuh wd{ lq rqh lpsruwdqw vhqvh1 Lq h�hfw/ zh nqrz iurp Sursrvlwlrq 4
dqg wkh qxphulfdo vlpxodwlrqv deryh wkdw wkh rxwsxw orvv lq wkh vwhdg| vwdwh lv/ iru wkh
sxuh wd{/ lv vljql�fdqwo| orzhu wkdq wkdw ri wkh NP prgho1 Frqvhtxhqwo|/ dowkrxjk wkh
shufhqwdjh fkdqjh lq C(� iru wkh sxuh wd{ lv uhodwlyho| vpdoo wkh vwhdg| vwdwh wkh ydoxh
iurp zkhuh zh vwduw lv dovr uhodwlyho| orz1 Khqfh/ wkh rxwsxw orvv iru wkh sxuh wd{ dorqj
wkh htxloleulxp sdwk lv frqvlvwhqwo| ehorz wkdw ri wkh NP prgho1

Wkh oltxlglw| uhtxluhphqw srolflhv/ rq wkh rwkhu kdqg/ fohduo| grplqdwh qr lqwhuyhqwlrq1
Lw fdq eh vhhq iurp Wdeoh 816 dqg wkh �jxuhv1 Vshfl�fdoo|/ qrw rqo| duh wkh shufhqwdjh
fkdqjhv lq ^c & dqg C(� orzhu wkdq lq wkh NP prgho exw wkhlu devroxwh ydoxhv duh frqvlv0
whqwo| kljkhu1 Wkh uhdvrq lv wkdw wkh oltxlglw| uhtxluhphqw dwwdfnv wkh fdxvh ri wkh sureohp
gluhfwo|1 Wkh sureohp zlwk wkh NP prgho lv wkdw zkhq d qhjdwlyh vkrfn klwv wkh hfrqrp|/
wkh qhw zruwk ri wkh frqvwudlqhg �upv vx�huv d odujh klw qrw rqo| ehfdxvh surgxfwlylw|
idoov exw ehfdxvh odqg ghsuhfldwhv1 Zkhq xqh{shfwhg vkrfnv rffxu/ wkh oltxlglw| uhtxluh0
phqwv surylghv qhw zruwk fxvklrq wkdw lv lqghshqghqw ri surgxfwlylw| dqg odqg sulfhv1
Frqvhtxhqwo|/ wkh shufhqwdjh idoo lq qhw zruwk lv vpdoohu wkdq lq wkh NP prgho1 Wkh
uhqxphudwhg oltxlglw| uhtxluhphqw grplqdwhv wkh qrq�uhqxphudwhg uhtxluhphqw ehfdxvh
wklv ex�hu lv odujhu1

816 Srolf| Flufxpyhqwlrq

Rqh lvvxh uhjduglqj uhvhuyh ru oltxlglw| uhtxluhphqw srolflhv lv wkh h{whqw wr zklfk wkh|
fdq eh duelwudjhg ru *xqgrqh* e| wkh sulydwh vhfwru1 Iru h{dpsoh/ d eruurzhu irufhg wr
pdnh d uhvhuyh2oltxlglw| uhtxluhphqw pljkw xvh wkrvh ixqgv dv froodwhudo iru d ixuwkhu ordq1
Lq rxu vhw0xs deryh zh fdq prgho wklv dv d srvlwlyh �1 Dv h{shfwhg iurp rxu glvfxvvlrq lq
Vhfwlrq 61814/ dq lqfuhdvh lq � ghfuhdvhv odqg kroglqjv lq wkh vwhdg| vwdwh e| wkh frqvwudlqhg
vhfwru dqg ghfuhdvhv JGS1 Wkh qxphulfdo vlpxodwlrqv vkrz wkdw d srvlwlyh � uhgxfhv wkh
plwljdwlqj h�hfw ri wkhvh srolflhv zkhq frqiurqwhg e| d qhjdwlyh vkrfn1 Wkh uhdvrq lv
wkdw wkh pruh wkh �up fdq xvh dv froodwhudo/ wkh vpdoohu wkh qhw zruwk fxvklrq1 Krzhyhu/
dq lqwhuhvwlqj uhvxow lv wkdw hyhq li 433( ri wkhvh ixqgv fdq eh xvhg dv froodwhudo +zklfk
lpsolhv wkdw wkh qhw zruwk ex�hu lv qlo,/ wkhuh lv vwloo d plwljdwlqj h�hfw frpsduhg wr wkh
ruljlqdo prgho dqg wkhvh srolfhv zlwk d uhvhuyh hohphqw frqwlqxh wr grplqdwh wkh sxuh wd{1

Zh vxvshfw wkdw zkhq � ' �c wkh oltxlglw| uhtxluhphqw zrunv lq d vlplodu pdqqhu wr
wkh wd{ lq wkh vhqvh wkdw lw dovr uhgxfhv wkh sursruwlrq ri qhw ghew zlwk uhvshfw wr odqg
kroglqjv1 Dv uhjdugv wr wkh vwhdg| vwdwh/ wkh oltxlglw| uhtxluhphqw zlwk � ' � ohdgv wr d
orzhu lqfuhdvh lq wkh frvw ri ghew wkdq wkh sxuh wd{ vr wkdw wkh vwhdg| vwdwh ohyhov ri ^c
& dqg C(� duh kljkhu iru wkh iruphu1 Zlwk uhvshfw wr wkh g|qdplf uhvxowv/ wkh oltxlglw|
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uhtxluhphqw dovr uhgxfhv wkh udwlr ri qhw ghew wr odqg kroglqjv lq wkh vwhdg| vwdwh exw lq
d orzhu sursruwlrq wkdq wkh wd{ vr wkdw wkh yxoqhudelolw| ri wkh hfrqrp| lv odujhu +lq wkh
vhqvh wkdw wkh shufhqwdjh fkdqjh lq C(� zlwk uhvshfw wr wkh vwhdg| vwdwh ohyho lv orzhu,1
Krzhyhu/ vlqfh wkh h�hfw rq wkh vwhdg| vwdwh iru wkh wd{ lv uhodwlyho| odujhu/ lw lv vwloo wkh
fdvh wkdw wkh oltxlglw| uhtxluhphqw frqwlqxhv wr grplqdwh wkh wd{1
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9 Frqfoxvlrq

Lq wklv sdshu zh kdyh dwwhpswhg wr suhvhqw dq rughulqj ri gl�huhqw fdslwdo pdunhw lqwhu0
yhqwlrqv wr uhgxfh wkh yxoqhudelolw| ri dq hfrqrp| wr d edodqfh vkhhw fkdqqho wudqvplvvlrq
phfkdqlvp ri d vpdoo vkrfn wr ixqgdphqwdov1 Wkh prwlydwlrq iru wklv dqdo|vlv zdv wkdw
dowkrxjk wkhuh lv d frqwuryhuvldo ghedwh dqg h{whqvlyh olwhudwxuh vxuurxqglqj wkh lvvxh ri
*fdslwdo frqwurov* ru pruh vshfl�fdoo| *fdslwdo lq rz wd{hv* wkhuh lv yhu| olwwoh olwhudwxuh
lqghhg zklfk dwwhpswv wr prgho wkh h!fdf| ri fdslwdo pdunhw lqwhuyhqwlrqv qru dwwhpsw
dq rughulqj ri gl�huhqw lqwhuyhqwlrqv1

Zh vxjjhvw khuh wkdw dowkrxjk wkh ruljlqdo Nl|rwdnl dqgPrruh +4<<:, iudphzrun lv wkdw
ri d forvhg hfrqrp|/ lw surylghv d yhu| xvhixo vwduwlqj srlqw wr frqvlghu wkh lvvxhv lqyroyhg1
Lq rxu h{whqvlrq ri wkh NP prgho/ zh frqvlghu d sxuh fdslwdo wd{/ d }hur0uhpxqhudwhg
uhvhuyh uhtxluhphqw dqg d uhpxqhudwhg oltxlglw| uhtxluhphqw dv wkuhh srwhqwldo lqwhuyhq0
wlrqv1 Zh �qg wkdw wkh sxuh wd{ srolf| lv grplqdwhg e| wkh srolflhv wkdw kdyh d uhvhuyh
hohphqw dqg wkdw wkh srolf| ri d uhpxqhudwhg oltxlglw| uhtxluhphqw/ iru pdq| sdudphwhu
ydoxhv/ grplqdwhv wkdw ri d qrq uhpxqhudwhg uhvhuyh uhtxluhphqw +vwhdg| vwdwh JGS lv
dozd|v kljkhu dqg wkh qhjdwlyh vkrfn lv hvvhqwldoo| ri wkh vdph sursruwlrqv,1

Qdwxudoo|/ wkhuh duh vrph fdyhdwv wr dwwdfk wr wkhvh uhvxowv1 Iluvw/ zh rqo| frqvlghu
wkh suxghqwldo prwlyhv iru wkhvh lqwhuyhqwlrqv1 Zh gr qrw frqvlghu rwkhu prwlyhv vxfk dv
dwwhpswlqj wr jdlq juhdwhu prqhwdu| frqwuro wr h�hfw dq lqghshqghqw prqhwdu| srolf|1
Vhfrqg/ zh gr qrw frqvlghu h{fkdqjh udwh pryhphqwv lq wklv sdshu1 Rxu ylhz lv krzhyhu/
wkdw wklv dssurdfk frxog eh h{whqghg wr d  rdwlqj h{fkdqjh udwh zruog dqg rxu lqwxlwlrq
lv wkdw/ hvshfldoo| li ghewv duh lq iruhljq fxuuhqf|/ pdq| ri wkh uhvxowv zloo fduu| wkurxjk1
Lqghhg zh ylhz wklv dv dq lpsruwdqw lvvxh iru ixwxuh uhvhdufk1

Rxu dlp lq wklv sdshu lv wr eulqj pruh fodulw| wr wkh ghedwh derxw *fdslwdo pdunhw
lqwhuyhqwlrqv*1 Zh frqvlghu wkdw vlpsoh vwdwhphqwv hlwkhu lq idyrxu ru djdlqvw *fdslwdo
lq rz frqwurov*/ ru d Fklohdq vw|oh qrq0uhpxqhudwhg uhvhuyh uhtxluhphqw/ kdyh vhuyhg wr
frqixvh pdq| ri wkh lvvxhv lqyroyhg dqg wkdw wkh ghedwh vkrxog eh frqfhuqhg zlwk �qglqj
*rswlpdo fdslwdo lqwhuyhqwlrqv* jlyhq wkh qdwxuh ri wkh shufhlyhg glvwruwlrq1 Lq wklv sdshu
zh fkrrvh wr dqqhdov d fuhglw pdunhw lpshuihfwlrq zklfk jlyhv ulvh wr d vwurqj *edodqfh
vkhhw h�hfw* iroorzlqj NP1 Li wklv lv wkh glvwruwlrq wkhq rxu rughulqj ri srolf| lqwhuyhqwlrqv
idyrxuv d uhpxqhudwhg oltxlglw| uhtxluhphqw1 Zh wuxvw wkdw rwkhuv pd| zlvk wr dqdo|}h li
wklv uhvxow lv pruh jhqhudo lq wkh suhvhqfh ri rwkhu w|shv ri glvwruwlrqv1
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Uhihuhqfhv

Fdoyr/ Jxloohupr +4<<<,1 �Rq Groodul}dwlrq�/ Xqlyhuvlw| ri Pdu|odqg1

Jrogidmq/ Lodq dqg Ydogìv/ Urguljr +4<<<,1 Oltxlglw| Fulvlv dqg wkh Lqwhuqdwlrqdo
Ilqdqfldo Dufklwhfwxuh1

Kdxvpdqq/ Ulfdugr/ Jdylq/ Plfkdho/ Sdjhv0Vlhuud/ Fduphq dqg Vwhlq/ Huqhvwr
+4<<<,1 Ilqdqfldo Wxuprlo dqg wkh Fkrlfh ri H{fkdqjh Udwh Uhjlphv1

Nl|rwdnl/ Qrexklur dqg Prruh/ Mrkq +4<<:,1 �Fuhglw F|fohv�/ Mrxuqdo ri Srolwlfdo
Hfrqrp|/ 438+5,= 544�57;1
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D Dsshqgl{

D14 Surri wkdw wkh oltxlglw| frqvwudlqw lv elqglqj iru frqvwudlqhg
�upv lq oltxlglw| uhtxluhphqw fdvh

Wkh Ehoopdq htxdwlrq iru wklv sureohp lv=

T E�|3�c 5|3�c &|3�� '
�
�| n E@| n S� &|3� � ^|U| �-|3�@|3� n E-5

|3� �-|�5|3�
�

nqT E@|c 5|c U| n &|3��

n>| dEU| n &|3�� ^|n� n � E-5
| � -|� 5| � �|-|o

�b|
�
^|U| n-|3��|3� � E-5

|3� �-|�5|3� � @|&|3� � �|
�

n#| d5| � B^|n� E&|3� n U|�o

vxemhfw wr
5| � f

zkhuh=
�| � K| � 5|

Wkh IRF*v duh=

U| G f ' �E� n b|�^| n qT&E|� n >|^|n� � #|B^|n� +74,

@| G f ' � n b| n qTKE|�� >|-| +75,

5| G f � >|�E-
5
| �-|� n qT5E|� n #| +76,

&|3� G T&E|� �� ' @|E� n b|� n Sn qT&E|� n >|^|n� � B#|^|n� +77,

@|3� G TKE|� �� ' �E� n b|�-|3� +78,

5|3� G T5E|� �� ' E� n b|�
�
-5
|3� � -|3�

�
+79,

Zh zloo vkrz e| frqwudglfwlrq wkdw wkh oltxlglw| uhtxluhphqwv zloo dozd|v eh elqglqj1
Iluvw/ qrwlfh wkdw lq doo wkh htxloleuld zh zloo frqvlghu zh kdyh wkdw erwk ^| dqg &| duh
srvlwlyh1 Frqvhtxhqwo|/ dv orqj dv B � fc zh zloo kdyh B^|n�&| � f� Exw li wkh oltxlglw|
uhtxluhphqw lv qrw elqglqj/ zh kdyh= 5| : B^|n�&| � f dqg #| ' f� Exw li -5

| 	 -| iru doo |c
htxdwlrq +79, lpsolhv wkdw T5E|� 	 f� Exw wklv lpsolhv wkdw wkh uljkw kdqg vlgh ri htxdwlrq
+76, lv qhjdwlyh zklfk lpsolhv wkdw 5| ' fc d frqwudglfwlrq1

D15 Surri wkdw kroglqjv ri oltxlg dvvhwv duh qlo lq wkh wd{ fdvh1

Lw lv hdvlo| vkrzq wkdw wkh pd{lpl}dwlrq sureohp idfhg e| wkh eruurzhu zkhq wkhuh lv d
wd{ lv wkh yhu| vlplodu wr wkh rqh idfhg e| wkh eruurzhu zkhq wkh oltxlglw| uhtxluhphqw lv
B ' f dqg wkh eruurzlqj udwh htxdov -�

| ' -|*E� � ��1 Frqvhtxhqwo|/ wkh surri wkdw zh
hpsor|hg zkhq dqdo|}lqj oltxlglw| uhtxluhphqwv dovr zrunv khuh1

58



D16 Surri ri Sursrvlwlrq 4

Htxdwlrq +5;, hydoxdwhg dw � ' f jlyhv wkh iroorzlqj wkh vwhdg| vwdwh ydoxh ri ^ iru wkh
oltxlglw| uhtxluhphqw fdvh=

@

�� �

-
n BE�� -5�

Frqvhtxhqwo|/

^-,�^ '
@

�� �

-
n BE�� -5�

:
@

�� �

-

' ^�u�^ ' ^g�

Lq wkh wd{ fdvh zh kdyh=

^A@% '
@

E�� �

-
� n �

-

	 ^g�

Dv wr wkh vwhdg| vwdwh ydoxh iru &c qrwlfh wkdw iru doo wkh srolflhv zh frqvlghu/ lwv ydoxh lv
jlyhq e|=

^

�
��

�

-

�
' � E&�

zkhuh � lv dq lqfuhdvlqj ixqfwlrq1
Zlwk uhvshfw wr C(�c vlqfh wkh surgxfwlrq ixqfwlrq ri wkh xqfrqvwudlqhg �upv lv

frqfdyh lw fdq eh vkrzq wkdw C(� lv lqfuhdvlqj lq & dv orqj dv & � &W zkhuh &W lv wkh
�uvw ehvw ohyho ri odqg kroglqjv e| iduphuv1 Vlqfh &A@% 	 &g� lw iroorzv wkdw C(� A@% 	
C(�g� � Frqglwlrq +6<, dvvxuhv wkdw &-u�^ � &W vr wkdw &-,�^ lv lq wkh lqfuhdvlqj sruwlrq
ri C(� vr wkdw C(�-,�^ : C(�g� � D vlplodu dujxphqw krogv iru ,�
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Iljxuh 5= Sdwk ri Odqg Sulfhv iru Dowhuqdwlyh Srolflhv

618

713

718

813

818

913

918

5 7 9 ; 43 45 47 49 4; 53

NP
Uhq1�Olt1�Uht1

]hur�Uhq1�Olt1�Uht1
Wd{

Iljxuh 6= Sdwk ri Odqg Kroglqjv iru Dowhuqdwlyh Srolflhv

47

49

4;

53

55

57

59

5;

5 7 9 ; 43 45 47 49 4; 53

NP
Uhq1�Olt1�Uht1

]hur�Uhq1�Olt1�Uht1
Wd{
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Iljxuh 7= Sdwk ri JGS iru Dowhuqdwlyh Srolflhv

68

69

6:

6;

6<

73

74

5 7 9 ; 43 45 47 49 4; 53

NP
Uhq1�Olt1�Uht1

]hur�Uhq1�Olt1�Uht1
Wd{
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