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I. Introduction

This paper studies the dynamic stability of various monetary/exchange regimes in a small
open monetary economy model under perfect foresight, perfect capital mobility, and price
and wage stickiness. There are two productive sectors: a domestic sector in which
monopolistic competition prevails and a competitive export sector. A continuum of
households supply differentiated labor services and fix wages, consuming domestic and
imported goods and having a transactions technology by which holding money reduces
costs. Both firms in the domestic sector and households set prices and wages, respectively,
by inter-temporal optimization subject to price or wage inflation adjustment costs. These
optimizations generate “Phillips curve” dynamic equations for price and wage inflations
and hence a four dimensional dynamic system in the multilateral real exchange rate MRER,
the domestic sector product wage (w), and the two inflation rates. The marginal utility of
wealth is an additional endogenous variable that is constant except when an unexpected

shock hits the economy.

Eight monetary regimes are successively considered within the same general framework,
classified according to whether the MRER is a predetermined (FIX regimes) or a jump
variable (IT regimes). In the FIX regimes the Central Bank uses exchange market
interventions as its sole policy instrument. The UFIX regime is a fixing of the nominal
exchange rate with the dollar, the MFIX is a fixing of the nominal exchange rate with a
trade-weighted basket of currencies, and the RFIX is a monetary policy that fixes the
MRER to a target path that converges to the long run equilibrium MRER. We find that the
three FIX systems are unequivocally saddle-path stable, with the two inflation rates being

jump variables and the MRER and w predetermined variables. In the five IT regimes the

! Research Department, Central Bank of Argentina. The views contained in this paper are solely the author’s
and are not meant to reflect those of the authorities of the Central Bank of Argentina.



Central Bank uses as instrument the nominal interest rate through a feedback rule and gears
its intervention policy to gradually achieve a certain backing of the stock of money with
international reserves. In the DIT (HIT) regime the feedback rule relates the nominal
interest rate to the domestic (headline) inflation rate. In the DIRT regime the feedback rule
targets both the domestic inflation rate and the MRER. And in the DIOT (HIOT) the
feedback rule targets both the domestic (headline) inflation rate and the output gap. All
these IT regimes require some form of “Taylor property” for the coefficient on the targeted
inflation rate that are successively more restrictive. In all these IT regimes we find
necessary and sufficient conditions for saddle-path stability. However, in the DIOT and
HIOT cases they are extremely complicated so we concentrate on more easily interpretable

sufficient conditions for saddle-path stability.

In a later section we introduce two extensions to the basic model, each one under one of the
policy regimes. In the first we introduce a long interest rate to the model under the DIT.
This raises the dimensionality of the dynamical system but presents no problem,
maintaining the stability properties intact. In the second extension we introduce inflation
stickiness to the model under the UFIX (or MFIX) regime. We there assume that a fraction
of firms and households, instead of deciding on their inflation rates through optimization,
prefer to simply adjust gradually their inflation rates to the overall inflation rate in a
backward looking way, so that the two additional variables of the dynamical system (the
backward looking price and wage inflation rates) are predetermined. This increases the
dimensionality of the system to 6. Although the necessary and sufficient conditions for
saddle-path stability are quite intractable, easily interpretable sufficient conditions are

found.
Il. The model

11.1. Basic price assumptions

We assume there is perfect foresight for endogenous variables, conditional on given
unanimous expectations (under certainty) for exogenous variables. Households are assumed
to consume imported and domestic goods (i.e. goods that are produced domestically and

only consumed domestically). Hence, it is convenient to define the (consumption)



multilateral real exchange rate (MRER) as the relative price between imports (M) and

domestic goods (N):
e= (Empm*)/PN.

where En, is the multilateral nominal exchange rate (pesos per a geometrically trade
weighted basket of currencies), Py* is the geometrically trade weighted basket of import
price indexes, and Py is the peso price of domestic goods. In many less developed countries
attention is often concentrated on the nominal exchange rate with the dollar E. Many
reasons can account for this: there may be a mismatch between financial dollarization and
trade diversification; there may be a fixed exchange regime where the domestic currency
(peso) is pegged to the dollar; or simply the large and persistent swings of the MRER of the
US may be one of the fundamental external shocks that the economy faces along the
economic cycle if the nominal exchange rate does not float freely all the time. For
simplicity, let us reduce the country’s trade partners to the U.S.A and Europe (which thus
represents all trade partners except the U.S.A.) and assume that a significant fraction of
trade (aiey) is done with the Euro area and the rest (ows = 1-aey) with the U.S.A. Hence, the
MRER is:

1) e = (EPus™/Pn)“**[(E/peus)Peu*/Pn] ™ = (E/p)/Pn
where peyus IS the exogenous euro/dollar nominal exchange rate,

p= (pEU/US)aEUE (1)aus(pEU/US)aEU
Is the exogenous trade weighted basket of foreign currencies/dollar nominal exchange rate,
Em = Elp = (E)*(E/peus)

is the country’s multilateral nominal exchange rate, and we assume in (1) that there is no

inflation in import prices and that the multilateral import price index is normalized to one:
PM* = (PUS*)OCUS(PEU*)OLEU = 1

Let Px* be the analogous geometrically weighted basket of Argentine export price indexes.
Then the external terms of trade is defined as ¢ = Px*/Py* and, due to the assumption that
Pm*=1, ¢ is actually the price index of exports Px*. Since firms produce export and

domestic goods, pe=EnPx*/Py is the relevant relative price for output decisions.



Because the consumption sub-utility function (44) will have a Cobb-Douglas specification
for the consumption of imported and domestic goods, the (dual) Consumer Price Index will

be a Cobb-Douglas index of these goods:

(2) P = (E/p)° P\*?.

Hence, the real wage in terms of the consumption basket, o, is
(3) o = WIP = (W/PN)/[(E/p)/Pn]° = wie®,

where W is the nominal wage, and w=W/Py is the product wage in the domestic sector.

Also, the product wage in the export sector is

(4) WIPx*(E/p)] = (WIPN)I{(Px*/Pm*)[(E/p)Pm*/PNI} = wi(de).

11.2. Sectoral budget constraints

Households and the role of money in transactions

We assume that holding money diminishes the cost of transactions in terms of goods.? Let
M stand for the nominal stock of currency in circulation, which is the only kind of money
considered in this paper. Then m=M/(E/p) is the foreign currency value of the stock of
money and M/C=m/c is the money to consumption ratio, where c=C/(E/p) is the foreign
currency value of total consumption. We assume that transactions involve the (non utility
generating) consumption of real resources (produced goods) and that these transaction costs

(per unit of consumption) are a function t of the money/consumption ratio:
t(m/c) (1°<0, t">0).

When the money to consumption ratio increases, transactions costs (per unit of
consumption) decrease at a decreasing rate, reflecting a diminishing marginal productivity
of money in reducing transaction costs. To obtain private savings we must subtract (1+t)c
from disposable income (instead of c). Also, for simplicity, we assume that the government

can avoid these transaction costs.

2 This way of modeling money demand has been used by Kimbrough (1992), Agénor (1995) and Montiel
(1997), among others.



In this section we will treat households’ budget constraints as if there were a representative
household and a single domestic good. The model we develop, however, has monopolistic
competition in the domestic sector and continuums of households and firms, and
corresponding continuums of domestic goods and labor types. We assume that the
conditions necessary for all households to face identical budget constraints are satisfied
(cfr. Woodford (2003), chapter 3). In particular, if any households face different present
values of their wage and profit incomes, their initial financial wealth is assumed to differ by
exactly the amount necessary to offset this. In practice, this means that as far as the budget

constraints are concerned we can work with a fictitious “representative household”.

Households hold financial net wealth that is composed of domestic money (M), peso
denominated nominal claims on the government (By), and net foreign currency
denominated foreign debt (dy). For simplicity, we assume that the composition of foreign
debt exactly matches the composition of trade.® Expressed in foreign currency, household

wealth is:
(5) a=m+ by -dy,

where by=By/(E/p). The household’s flow budget constraint is:

(6) 5:1 = m + E)H - d'H =y -t- (I+t(m/c))c - r dy + i by - 3(M+by), ( BEE./E ),

where y is pre-tax income, t is the foreign currency value of lump sum taxes net of
transfers, r is the interest rate on the foreign debt, i is the domestic interest rate, and & is the
rate of nominal depreciation of the peso against the dollar. Because we treat peyus (as well
as other relevant parameters such as ¢) as an exogenous parameter that only changes
through jumps, it is the rate of nominal deprecication of the peso against the dollar that
figures in (6) and elsewhere. Net interest payments on the debt rdy-iby must be subtracted
from primary savings, as well as the capital losses on the foreign currency value of the

stock of money and government bonds due to currency depreciation.

3 Escudé (2004) takes the extreme opposite assumption that all trade is with Europe and all debts are dollar
denominated. Hence, that paper has an additional effect of a strong dollar shock associated with this
mismatch.



To simplify, we assume perfect capital mobility. Hence, there is no country risk premium
and, by arbitrage, uncovered interest parity must prevail, i.e. the domestic peso-
denominated interest rate i must equal the interest rate on foreign debts (r=rys ows +revoeu),

which is assumed to be constant, plus the rate of nominal depreciation:
(7) i=r+o.

Using (5) and (7) gives an alternative expression for the household budget constraint:

(6”) a=y-t-(1+t(m/c))c+ra—im.

The household’s inter-temporal solvency is guaranteed by a “No Ponzi Game” condition:
T

(8) Iimaexp(-J.o rds)= limae™ >0,
T T

which in the household optimum holds with equality. Integrating (6) forward and using (8)
gives the inter-temporal budget constraint: the present value of future consumption (gross
of transactions consumption) must be equal to the present value of disposable income plus

initial (non-human) wealth (ap).

o0

9) a + jo [y-t-(A+t(m/c))c—im]e™ds=0.

The public sector

The Central Bank

This paper considers eight alternative monetary regimes, three of which consist in fixing a
nominal or real exchange target (FIX) and five different versions of Inflation Targeting
(IT). We model the Central Bank’s balance sheet and budget constraint in a sufficiently
general fashion that it can contain any of these regimes. In the general framework, the
Central Bank has currency M (=mE,=mE/p) as a liability and domestic currency
government bonds Bcg and international reserves R as assets. We place no restriction on
the sign of Beg. If it is negative, it can be interpreted as a stock of bonds issued by the

Central Bank which are perfect substitutes to those issued by the Government. The



international reserves are assumed to be invested in dollar and euro bonds in the
proportions given by ays and aey. Whenever & differs from 0, the Central Bank also issues
(or withdraws) a certain amount of additional currency 8(EnR) which it passes to(or
collects from) the government, along with the interest earned on R and Bcg. Hence, the rate

of money growth is:

(10) M =EnR + Bcg +3(EnR).

Then the Central Bank’s budget constraint expressed in foreign currency is:

(10")  m=R - beg = 8(R + beg -m).

Assuming the existing monetary policy started at an instant in which there was full backing
of monetary liabilities with international reserves and government bonds, i.e. M=ER+

Bcg, the Central Bank is thus assumed to maintain this full backing at all times:
(11) m = R+ bcg.

Whenever there is an exogenous jump in p (due to a jump in pgyus) there is a one time
capital gain (or loss) on R that is also passed on to (or recovered from) the government in

the form of currency.

The Government and fiscal policy

Let G (g) be the primary expenditures in pesos (foreign currency) and assume the
government only purchases domestic goods. Then G = Py On.

The Government can finance its primary expenditures and its interest payments through
lump sum taxes (net of transfers), interests gained on Central Bank reserves, seigniorage
revenues, and (foreign and domestic) debt financing. Hence, the government’s flow budget

constraint is:

(12) b+dc= g-t+r(ds-R) +iby - 3(R+b) =g —t + r(de+bu-R) -6(R+bcg)
where dg is the government’s foreign debt. We assume that government debt instruments
are perfect substitutes for securities issued in the rest of the world. The government pays

interest on its foreign and domestic debt, and receives from the Central Bank the interest on



international reserves and the pesos that are issued with the backing of the capital gains on

reserves (oR).
Define the consolidated government’s net liabilities (including money) as
(13) n=m-R+by+ds=beg+by+ds=b+dc.

This is the same as the financial wealth of the Government because (11) states that the
Central Bank’s net liabilities are always zero. Then the budget constraint of the

consolidated public sector is simply:

(12°) n=g-t+rm-im.
It is assumed that the public sector always plans to be solvent, which implies that it expects
to comply with a “no-Ponzi game condition™:

.
(14)  limn exp(-Io rds)= limne™ =0.

T— T—00
This condition implies that the public sector’s net debt must eventually grow at a rate that is
lower than the interest rate. Integrating (12’) forward and using (14) gives the public
sector’s inter-temporal budget constraint: the present value of its primary expenditures plus
its initial debt must be equal to the present value of its revenues (including the interest on
the international reserves and seigniorage due to the effect of currency depreciation on
monetary liabilities):

o0

(15 no= ,[0 [t-g+im]e™ds.

Fiscal policy will be extremely simple and common to the different dynamical systems. We
assume that the does not consume imported goods, that the government’s domestic
expenditures are always a fraction g of aggregate household consumption of domestic
goods and that the foreign exchange value of tax revenues t is adjusted to maintain fiscal

balance at all times. Hence, n is always constant at n.



The balance of payments

Due to the assumption of perfect capital mobility, the public and the private sectors have
full access to foreign savings at the international rate r. Let us define the country’s net

foreign debt as:
(16) d=dy+ds-R=n-a.

Then, subtracting (127) from (6”) gives the country’s budget constraint, or balance of

payments:

(17) d = y-g-(1+t(m/c))c - rd.

The country’s net foreign position expressed in dollars (-d) evolves according to primary
savings (net of transaction costs) minus interest payments on the national debt. Also, (9)
and (15) give the country’s inter-temporal budget constraint: the present value of future
trade surpluses must equal the initial foreign debt.

o0

(18)  do= Jo [y-g- (+e(mic))c] € ds.

11.3. The price and wage setting framework

We assume that the export sector is perfectly competitive, and that absolute PPP prevails
for exports and imports, with full and instantaneous pass-through to peso prices in the case
of imports. There is monopolistic competition in the supply of labor services by households
and in the supply of goods by firms in the domestic sector. However, these wages and
prices are sticky, which means that they are predetermined variables and that the desired
wage and domestic price cannot be attained quickly because there are price and wage
adjustment costs which must be taken into account. We use adjustment cost functions
similar to those in Rotemberg (1982, 1995) and Sbordone (1998). These adjustment costs
reflect costs related to optimal decision making, such as information gathering and analysis,
evaluation of customer’s possible reactions, etc.. Firms’ maximization of discounted profits
and households’ inter-temporal utility maximization in symmetric equilibriums lead to well
defined “Phillips curves” for domestic price inflation and wage inflation, respectively.
These equations reflect a gradual adjustment of domestic prices and wages, respectively,

10



towards their long-run desired levels, which are the monopolistic competition mark-up over
marginal cost and marginal rate of substitution of wealth for leisure, respectively. The
resulting dynamic model has as steady state a benchmark economy of full wage and price
flexibility, i.e. one in which there are no price and wage adjustment costs. The benchmark
model, with flexible domestic prices and wages, is similar to the static Blanchard and
Kiyotaki (1987) model, except for the fact that it represents an open two-sector economy.
And the dynamic system is similar to those in Erceg et al (2000), Sbordone (2001), and
Woodford (2003), except again for openness and for the fact that instead of a Calvo type
staggered pricing framework we have price and wage inertia due to explicit price and wage
changing costs. There are also similarities with Gali and Monacelli (2003), but theirs is a
one sector open economy which does not have monopolistic competition in the household
sector. Also, we abstain from modeling the rest of the world (which seems to be more
important when there is a single produced good because in this case the “small country”
assumption can only be valid as a limit). Soto (2003) has a two sector open economy
framework with Calvo type staggered prices that is somewhat more complicated than ours
because the export good is also consumed domestically. Monetary policy, however, is less

clearly formulated.

In section 1V backward looking “rule of thumb” firms and households are introduced in
order to have “inflation stickiness”, as the data seem to indicate (cfr. Fuhrer and Moore
(1995) and Roberts (1997)). Instead of going through costly price or wage adjustment
decisions, these agents prefer to simply adjust their price or wage inflation to the general

price or wage inflation index.

11.4. Firm decisions

There are two production sectors that produce exportable (X) and domestic (N) goods,
respectively. Capital is fixed in each sector and does not depreciate and labor is perfectly
mobile between sectors but immobile internationally. There is a representative firm in the
export sector and a continuum of monopolistically competitive firms in the domestic sector,
each of which is characterized by the good type i€[0,1] it produces. Output in each sector is
given by production functions: yx = Fx(L x), Yni = Fn(L n), that have positive and

diminishing marginal labor productivities, where Lx and Ly are aggregates of the complete

11



range of labor types je[0,1], as we will see in the next section. We assume that there is a
single labor market, where all firms (whether in the domestic or export sector) hire the
same CES aggregate of all types of labor and face the same wages. As in Erceg et al (2000),
assume that there is a competitive “employment agency” (or “representative labor
aggregator”) that combines households’ labor types in the same proportion that firms would

choose. Define the aggregate of labor types by

1
(19) L= { _[0 Lj(\v Dy dj}\u/(l-\v) (y>1).

We will refer to L as ‘labor’. The employment agency’s demand for each labor type j is
equal to the sum of all firms” demands. It minimizes the cost of producing a given level of

L. Hence, it minimizes

1

e Jowi g

subject to (21) with a given value of L, where Wij is the wage rate set by the monopolistic
supplier of labor type j. This gives the agency’s demand (and the aggregate demand of all
firms) for labor type j as

1)  Lj=L (Wyw)™

where W is the aggregate wage index, defined as:

1
(22) W:{LMWMP“W

and v is the wage elasticity of demand for all types of differentiated labor services. The
higher y is, the lower is the monopolistic power of households, because the varieties of
labor are closer substitutes. Total labor cost is given by

1

(23) _[0 Wj Lj dj = WL.

12



The export sector is assumed to be competitive and has a profit maximizing representative
firm that chooses the labor input each instant so that its marginal productivity is equal to
the product wage (4):

(24) Fx’(L x) = w/(de).

Note that in (4) W is the wage index for the complete range of labor types, as given by (22).

Each firm in the domestic sector is constrained in its price setting activity by te assumption
that its price level is a predetermined variable (which implies it cannot jump in response to
changes in expectations) and the assumption that changing price is costly. For simplicity,
we assume that this price changing activity requires the non utility generating consumption
of the good the price of which is to be adjusted. Let us temporarily drop the sub-index N,
for ease of notation. In a continuous time analogy to Sbordone (1998), let x(m;) represent
the cost per unit sale of changing P; at the rate m; = dInP;/dt. We assume that this adjustment
cost function is twice continuously differentiable and has the following properties:

(25) x(0)=x’(0)=0, x”(0)=ar>0.

Note that while P; is a predetermined variable, =; is a jump variable which can respond
discretely to changes in expectations. Each firm in the domestic sector is also constrained

by its technology and by the demand function it faces for its distinct variety i:

(26)  F(L)=Yyi yi = y(Pi/P)™.
The demand function for domestic goods will be derived in the next section.

Firm i chooses rt; to maximize the present value of future profits:

I o { YiPi[1-x(m)] -WL;}e™ds = I o { YP' P [1—x(m)] - WFH(yP* Pi™) } €™ dis,

subject to the fact that
(27) Pi = Pi T .
Hence, its undiscounted Hamiltonian is:

H' = yPY P~ (L - x(m)) - W (yP" Pi™) + % Pi

13



where A; = A*e" represents the marginal net present value of price increase (and A;* is the

corresponding co-state variable). Firm i’s first order conditions are:*

(28) H': =0, i - A = -H'p,
The first of these conditions gives:
(29) Ki = x’(ni)yi.

For the second one, it is convenient to define the marginal cost as the wage rate divided by
the marginal productivity of labor (1/z(y;)):

(30) Wz(yi) = Wd(F™(y0)/dy;
Hence,
H'ei = yP¥ (1-v)Pi [ = x(m)] - Wz(y)(-v)yP* P + A m,
and therefore, using (31):
=t - Hip 4= 1+ [0 () 1) X () (v-1) - vI(-1)(WIPYZ(Y:) )

On the other hand, (31) implies

s = X () () + Y.
Therefore, the last two equations imply:

() X () + iy = £ -+ (-1 G 1X(m) - vi(u-YWIPYZ(y:) },

which can be rearranged to:

B1)  m = X)X (m)] [r- 3;i/yi m] +
+ [(v-D)/x”(m)]{ 1-x(m) - vI(v-1)(WIP)z(y:) }.

In a neighborhood of a steady state with zero inflation (25) applies, and hence (31) reduces

to

* There is also the transversality condition: lim ., PiA; €™ = 0.

14



(32) i = [(v-D)/ag] {1 - v/(v-1)(WIPi)z(y;) }.
Since all domestic firms face the same problem, they all set the same price and inflation
rate, so we may drop the subscript i from (34) (but again insert the subscript N) to obtain a

domestic price “Phillips Curve” equation:

(33)  mn = -y GT(w, yn) (ve=(v-1)/ar),

where we defined the percentage gap between the actual domestic price and the benchmark

(flex-price) domestic price as:

(34)  G"(w, yn) = [pWz(yn) - Pn]/Pn = ppwz(yn) — 1 (pe=v/(v-1)).

Whenever the price gap is positive, the domestic price level is below the desired one (which
is the usual mark-up over marginal cost). This will make firms gradually increase their

price (mn>0) but at a decreasing rate (dmn/dt<0).

11.5 Household decisions

Households are also assumed to be monopolistic competitors. They set the wage rate and
face wage adjustment costs that make them adjust the wage rate gradually towards the
benchmark (flex-wage) nominal wage. Let x(mw;) represent the cost of changing W; at the
rate mw;=dInW;/dt. We use the same symbol as for firms’ cost of adjustment function only

for ease of notation. Assume again that this function has the following properties:
(25) x(0)=x’(0)=0, x7(0)=an>0.

Household je[0,1] supplies labor of type j and maximizes an inter-temporal utility function
which is additively separable in consumption and leisure (or negative work effort):

0
(35) Js { u(cm,en)o/(1-0) = v(L;) } e ds,
where cy is the consumption of imported goods, cy is the consumption of the domestic
goods bundle, and L; is labor exertion. The consumption part of the instantaneous utility
expression is of the constant relative risk aversion (CRRA) family, where >0 is the

inverse of the of the inter-temporal elasticity of substitution (as well as the coefficient of

15



relative risk aversion®). In (35), u(.) is a private goods consumption sub-utility index, v(.) is
the disutility of labor, which is increasing with L; at an increasing rate (v’>0, v>0),° and

is the inter-temporal discount factor.

In analogy to the ‘employment agency’, assume that there is a competitive ‘commercial
agency’ (or ‘representative consumption aggregator’) that combines the different goods into
a single product, that we will refer to as “domestic good’ in the proportions dictated by
households’ preferences. The commercial agency’s composite cy is defined by:

1
(36) con= { .[ o Cni VY di}w(l'v) (v>1).

For any level of the composite cy the agency minimizes expenditures, given the prices Py;

set by the domestic sector firms. Hence, it minimizes

1
(37) _[0 Pni cni di

subject to (36) for a given value of cy. This gives total consumption demand for cy; as:
(38)  cni=(PnilPn) ™ Cn,

where the Lagrange multiplier Py is the (dual) Dixit-Stiglitz price index for domestic goods

1
(39) Py= {f o Pt di pYE),

and v is the price elasticity of demand for all types of (differentiated) goods. The higher v
is, the lower is the market power of firms because the varieties are closer substitutes.
Furthermore, total expenditure on domestic goods is

1

(40) .[0 Pni cni di = Py Cn.

® Observe that if u(c)=c'°/(1-c), the coefficient of relative risk aversion is -cu”(c)/u’(c)=c. We generally
assume below that c>1. In some cases we find it useful to specialize to logarithmic utility (where c=1).

® We could include and additively separable sub-utility index v(gy) representing the utility obtained by the
household from the quantities of public goods produced by the government (measured through the quantities
purchased by the government). However, since gy is not a decision variable for the household and will be held
constant throughout, v(.) would not play any significant role except as a reminder that government
expenditures do generate household utility.

16



For concreteness, assume that u(.) is Cobb-Douglas:’
(41) U(CM,CN) = CMeCNl-e.

where 0 is the intra-temporal elasticity of substitution in consumption between imported
and domestic goods, and is also the share of imported goods in total consumption, as shown
below. The consumer price index defined by (2) corresponds to the dual of (41). Total

consumption expenditure measured in foreign currency is:

(42) C =Cm * Cnle.

Then minimizing (42) subject to a constant (and arbitrary) level of utility up=cm’cn™ gives:
(43) ecw/cn = 6/(1-6)

independently of u,. Note that (42) and (43) imply

(44) cn = (1-0)ec, cm = 6c,

(45)  comlent? = koetc (10 =0%1-0)"").

As the two expressions in (44) show, consumption demands for N and M are easily
obtained from c and e, so we will prefer to work with the latter. Using (45) in (41) gives the

following expression for (35):

(46) f o {xae"® ¢)/(1-6) - v(L)) Y™ ds (K1=k0").

Let Y = Emdyx + Py Yn be aggregate output measured in pesos. Then the foreign currency
value of aggregate output is Y/En =y = ¢yx + yn/e. In a symmetric equilibrium, aggregate
profits are IT/En, = dyx + (yYn/€)[1-X(7in)]-(W/Em)L[1-X(nw)]. We assume that firm
ownership is distributed evenly among households. Hence, j’s income in foreign currency is

[T/Em + (Wj/Em)L; and the flow budget constraint (6”) may equivalently be expressed as:

(6™ ;1 = (WJ/Em)Lj (1 — X(mw;)) + [I/Em -t - (1+t(m/c))c + ra—im.

" This follows Montiel (1999). The model can easily be extended to a CES sub-utility index (cfr. Calvo and
Végh (1992), or Obstfeld and Rogoff (1996), for example). However, it does not seem to add much in the
present context while it complicates the formulas.
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The household is also constrained by the demand function it faces for its distinct labor
variety j (21) and the fact that

(47) Wj = Wj TTWj-

Hence, the household maximizes (46) subject to (21), (47), (6”) and its “no Ponzi-game”
condition (8). Its control variables are ¢, m, and mw;, and it takes as given the future paths of
I1, Em, e, t, and i, as well as the values of the parameters involved. Due to the assumption of

perfect foresight, unless there is an unexpected shock to any of the parameters, those

expected paths will be the actual ones.

The non-discounted Hamiltonian of household j is:

48)  H = k(e ¢)"I(1-0) - V(LWYW; ™) + A{ LWYW; Y1 - x(rowj)/Em
+ [1/Em — t - (L+t(m/c))c + ra — im}+ pWinw;,

where A = x,-*e'“ represents the marginal utility of wealth (and A;* is the corresponding co-
state variable) and p; = u,-"‘eBt represents the marginal utility of wage increases (and p;* the

corresponding co-state variable). The necessary conditions for an optimum are:

(49) H. =0, H. =0, H ., =0,

A= By = -H, j - Brj = -H,
that is,
(50) k@00 o =) o(mic)
(50b)  -t’(m/c) =i,

(50¢) W = X (mw;) AL/ Em,

(50d) Xj/?uj =B-r

(50e) Wiy =B - { v’ (L)LIW;) + (1-y)r (L Em)[1-X(mw))] + pimw; Hij

along with the transversality condition
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(50f) limax;e®™=0.

t—o0
To alleviate notation, in (50) we have defined the function ¢ that gives the effect on savings

of a marginal increase in utility generating consumption c:
(51) ¢(m/c) = 1+t(m/c)-(m/c)t’(m/c), ¢’(m/c) = -(m/c) T’ (pm/c) < 0.

We will call ¢ the marginal savings function. Equation (50) shows that in equilibrium the
utility of a marginal increment in consumption (left side of the equality) must be equal to
the marginal disutility of the reduction in wealth that it generates. The latter is equal to the
marginal utility of wealth, A;, times the marginal reduction in savings, ¢. Observe in (51)
that ¢ varies inversely with m/c and that the reduction in savings generated by a marginal
increase in c is given by the increase in consumption gross of existing transaction costs,
1+, plus the increase in transaction costs due to the reduction in the money/consumption

ratio.

Equation (50b) shows that in the optimum money holdings must be such that the reduction

in transaction costs generated by a marginal increase in money holdings equals the
opportunity cost of holding money (i). Inverting -t’ gives the following demand function

for money:
(52)  mP=/(i) (0= ()% =-1/7"<0).

Observe that this implies that in terms of domestic goods the demand for money is M/Py =

/(i)ec.

Equation (50d) shows that over time the rate of growth of the marginal utility of wealth
must be equal to the difference between the inter-temporal discount rate, 3, and the interest
rate. This implies that the more impatient the household is (the greater is (), the faster the
marginal utility of wealth must increase, that is, the faster the household must reduce its
wealth through increased consumption. However, given that 3 and r are both exogenous
constants, in order to have a steady state we make the usual simplifying assumption that
B=r. Hence, A; is constant as long as there are no unanticipated shocks that make the
household re-evaluate its consumption decision, in which case A; (and c) may face a

discrete jump.
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Taking the derivative of (50c) with respect to time and using (50e) gives an expression

entirely analogous to the one obtained for the firms’ problem (31)

mwj = X (mw)/ X7 (mw))] [6 - Li/Lj + B - mw] +

+ [(w-DX (i) K 1-x(mowg) - wi(y-1)v" (L) (Em /WiA5) }.

In a neighborhood of a steady state with zero inflation, using (37) this expression reduces to

(53)  mw; = [(y-Dian] {1 - w/(y-1)v’(Lj)(Em /Wiky) }.

Since all households face the same problem, they all set the same wage and wage inflation

rate, so we can drop the subscript j from (53) to obtain a wage “Phillips Curve” equation:

(54)  mw = -yn GV(wwle, L) (vh = (y-1)/an),

where L represents total (domestic and export sectors’) demand for the labor aggregate as
well as the labor consumed in wage decisions (wage adjustment costs) and we defined the

percentage gap between the actual wage and the benchmark (flex-wage) wage as:

(55)  G"(awle, L) = [uw V' (L)Em/A - WIW = [uwe/(hw)]v’(L) - 1 (pw=y/(y-1)).
Whenever the wage gap is positive, the nominal wage is below the desired one, which is a
mark-up over the marginal rate of substitution of wealth for leisure. Whenever this is the

case, households gradually increase the nominal wage (mw>0), but at a decreasing rate
(dmw/dt<0).

The first two of the first order conditions ((50) and (50b)), along with the budget constraint
(6”), equation (47), the Phillips curve (54), the No Ponzi Game condition (8) and the
transversality condition (50f), jointly determine the paths of ¢, m, W, nw, a, given the
values of exogenous parameters such as ¢, the paths of policy variables such as t and the

paths of other endogenous variables such as E, e, I, L, A and i.

11.6. Money and domestic goods market clearing and the price and wage gaps

Assuming money market equilibrium (m°=m), (52) gives m/c as a decreasing function of i.

Hence, t and ¢ are both increasing functions of i:

(i) = (¢(D)), o (i) = o(¢(i)) ( T>0, ¢>0).
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Also, (44) and (50) give household demand for domestic goods as a function of e, i and A:
(56)  on = (1-0)( o(i)hc ) Yo = cy(e,in) (cne>0, Cni <0, Cny, <0).

To simplify, assume that government demand for each type of domestic good is a fraction g
of private consumption demand for that good gni = gcni. Hence, for domestic goods market

clearing total output of domestic good i must be:
yni = [1+ g+ t(i)lon/[1-x(nni)] = [1 + g + (i)]oni/[1-X(mw)]

where total domestic goods consumption demand by households (including transaction
costs) and the government must be grossed up to include the real resources used up in the
price adjustment decision process. The second equality is derived from the fact that all
firms in a symmetric equilibrium will face the same price adjustment costs. Since every
firm has the same decision process, the use of (38) yields the domestic goods demand
functions (26) used in section 11.4. Aggregating over domestic goods as in (36) gives

domestic goods output:
(57)  yn(eimndig) =[1+g+ t(i)lon(ei)/[1-x(n)] =
= (1-0)f(i,g)x2 €™ NN 1-x ()]
(k2=x1"") (Yne>0, Yni <0, Yni. <0, yng > 0)

where we have defined the function f(i, g) that combines the influence of the interest rate

and government demand on the output of domestic goods:

fi, g) =[L+g+ WMV o) 1"
The influence of government expenditures on domestic output is positive but the influence
of the interest rate is in general ambiguous. First, an increase in i induces lower cash
balances in relation to consumption (m/c) and hence a higher marginal saving rate ( ¢ ),
reducing consumption. However, the reduction in relative money balances also increases
transaction costs per unit of consumption (t), which have to be produced. The net effect on

domestic goods output is given by the sign of the corresponding partial derivative:
of(i, g)foi =-rt{-vI(l+g+1)- o) tx"I(1+ t +il)}.

It is readily seen that the sign of this expression is negative if and only if

21



oemie < (1+t+g)/( 1+t+il)

where enc=-1’/(t”0) is the elasticity of /(i) (=m/c) and we have used (50b) and (51).

We assume that this inequality is satisfied. Hence, an increase in the nominal interest rate
not only reduces consumption of domestic goods but also the production of domestic

goods. Formally, we have the following assumption:

Assumption 1: The relative money demand m/c is sufficiently inelastic and/or government

expenditures g is sufficiently large with respect to the opportunity cost of holding money to
consumption ratio im/c that the following inequality holds: ceme < ( 1+t+g )/( 1+t+il).

Hence, oyn/0i<0.

The first expression in (26) gives firm i’s demand for labor as Ly; = Fx*(yni). Since all
domestic sector firms produce the same amount (of their specific type of goods), they all
produce yy using the same combination of labor types Ly. Hence, aggregating over firms as

in (36) gives labor demand in the domestic sector:®

(58)  Ln(&i,mn; g) = P (yn(esi s 9)) ( Lne>0, Lyi <0, Ly, <0, Lng > 0).
From (24), labor demand by the export sector is:

(59)  Lx(wide) = (Fx’) ™ (wide) (Lx’<0).

Therefore, total labor requirements (including labor used up in wage adjustment decisions)

can be defined as:
(60)  L(w.e,i,mnmw s 0,9) = [La(ei v g) + Lx(wide))/[1-x(nw)]
(Lw<0, Le>0, Li<0, L;, <0, Ly>0, Lg>0).
Hence, the final expressions for the price gap (34) and the wage gap (55) are:
(34)  G°(we,i,mnd; g) = ppW z(yn(e,i, v ; g)) - 1
(GPw>0, G7>0, G"i<0, G7,<0, G">0)

(55")  GY(w,e it mw, A5 d.g) = [uwe/Aw] v (L(W,e,i,mn,mw, ) 0,9))— 1

% In the following definitions, when we show the signs of the partial derivatives in parentheses we will omit
the partial derivatives with respect to my and my, since in the steady state equilibrium they will all be zero,
according to (25) and (25°).
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(GV<0, GYe>0, GVi<0, G%, <0, GV>0, GY;>0).

For later use, let us define “natural” (or “potential”) output as the output that prevails in the
steady state, when there are no longer any price or wage adjusting costs. Output is always at
its natural level in the export sector because we assumed perfect competition and no price

stickiness there. In the domestic sector “natural” output is:
Yn"(upW) = Fr(Ln"(ppW)) = Fr(Fr' ™ (upw))

Hence, using (57) the output gap is:

61)  G(w, e, i, mn, A p) =Yn(e, i, T, A g) - YN"(HeW).

(GN>0, GN>0, GNi<0, GN,<0, GNg>0).

I11. The alternative monetary regimes and the saddle-path stability of the corresponding

dynamical systems

In the eight monetary/exchange regimes we shall consider the Central Bank follows simple
feedback rules for the rate of accumulation of international reserves and/or the nominal
interest rate. These regimes can be classified according to whether the MRER is a
predetermined (FIX regimes) or a jump variable (IT regimes). In the three alternative FIX
regimes, the Central Bank will not have a policy rule for the nominal interest rate but will
gear its intervention in the foreign exchange market towards achieving an exchange rate
goal. In the five alternative IT regimes, the Central Bank will have a Taylor rule for the
interest rate and will gear its intervention policy towards gradually achieving a specified
target for the fraction of the money stock that is backed by international reserves. In all
cases, there will always be a full backing the money stock with either international reserves
or domestic bonds. Under the IT regimes, bond market intervention (or issuance) will be
used residually for mopping up excess liquidity or generating the necessary liquidity to
ensure the attainment of money market equilibrium according to the demand generated by

(among other factors) the level of the policy interest rate.

A general version for the Central Bank’s accumulation of international reserves is the

following:
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(62) Ea: Ry(1-E)+ Ru( Em—Em) + Rr( e—e) + Re(bm - R).
(EU, Ry, Ry R >0)

In the FIX regimes the Central Bank uses its intervention policy towards achieving its
exchange rate target. In the regime in which the Unilateral Nominal Exchange Rate is Fixed
(UFIX), the peso/dollar nominal exchange rate target is unity. In the regime in which the
multilateral nominal exchange rate is fixed (MFIX), the Central Bank has a target path for
the multilateral nominal exchange rate E, and when the MRER is “fixed” the Central
Bank has a target path for the MRER e. Finally, it is assumed that under all the alternative
IT regimes, the Central Bank follows a policy of gradually achieving a backing of a fraction
b (<1) of the money stock with international reserves. Hence, the international reserves
policy under the alternative monetary regimes can be defined by the following restrictions

on the coefficients &; :

UFIX: ky = o, k=0, i=M,R,B.
MFIX: ky =* ©, k=0, i=U,R,B.
RFIX: kg & o, k=0, i=U, M,B.
IT: kg >0, k=0, i=U,M,R.

One of the equations in all of the dynamical systems is the balance of payments constraint
in its intertemporal formulation (18). Inserting in this equation the domestic goods market
equilibrium (57), the definitions of the foreign currency value of aggregate output (y = dyx
+ yn/e) and of the function f(i,g), as well as the first order condition (50), yields the
equivalent expression:

o0

(63) do= fo [ dyx(de/w) - Ox,f(i,0)el- oD j Yo s g,

where yx(de/w)= Fx(Lx(pe/w)). This equation is necessary for obtaining the (constant)
value of the marginal utility of wealth A, which may jump to a new level whenever there is

an exogenous shock that impacts on the country’s net wealth. Hence, (62) plays a crucial

24



role in determining the system’s steady state and, therefore, the paths of the endogenous

variables.

I11.1. The FIX monetary regimes

A. The fixed unilateral nominal exchange rate (UFIX) regime

We assume that the Central Bank fixes E at unity. We may think of this as a feedback
equation for the instantaneous rate of change in international reserves, whereby the Central
Bank purchases (sells) an amount of foreign exchange that is a constant fraction & of the
positive (negative) gap between the target nominal exchange rate (unity) and the actual
nominal exchange rate Since we assume that &, tends to infinity, the Central Bank in effect
fixes E at 1. The Central Bank must also ensure that the money market clears at all times.
Hence, (52) gives the endogenous stock of money that guarantees money market

equilibrium:
(64) M = ((I)Emc = £(i)c/p.

By uncovered interest parity (7) and the assumption that r is an exogenous constant, the
domestic nominal interest rate is constant (at r) under the FIX regime. This implies that /,

and hence T, ¢, and m/c are also constant. Since Py is predetermined, if the Central Bank
devalues there must be a one time change in the nominal stock of money so as to
accommodate the required change in e as well as whatever discrete jump in ¢ may take
place. By our assumption on the full backing of m (11), this implies a one time discrete
exchange market intervention (apart from the usual flow interventions). Since i is constant

we may leave it out of the gap functions (34’) and (55°) in the FIX regime.

The dynamical system is made up of the balance of payments equation (66) and the

following additional equations:

(65) wiw = ™W —TTN,

(65b) ele= - mn.

(65¢) mn = -yeG'(W, €, Ty, A; p)
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65d) mw = -yGY (W, €, iy, T, A p)

where p=(g, r, ¢) is a vector of parameters (which in G" is merely (g, ). The first two
equations are directly derived from the definitions of w and e. Note that in the steady state,
due to (25) and (25°), the partial derivatives of G" with respect to my and of G* with
respect to my and myy are zero. Equations (65) give a dynamical system that determines the
paths of w, e, my, and mw, given the value of A (which is endogenous) and of the exogenous
parameters. Since A is constant except when it jJumps to a new level when there is an
unexpected shock that makes households adjust their level of consumption, its level affects
the steady state of the subsystem given by (65) and therefore the paths of w, e, ntn, and mw,
for any initial value. In this section we analyze the stability properties of this subsystem for

any given value of A.

For the linear approximation to this subsystem it is convenient to define the vector of
relative prices and inflation rates: X" = (w, e, ntn, mw)', (Where the symbol " means

transposition). Then the linearized system can be written as:
(66) X = C(x-x°),

where the matrix C is defined as:

0 0 -W W

C= 0 0 -e 0
- _VFG\S _7/FGeP 0 0|

_7HG\\IIVV _7HG\\I/VV 0 0

The elements of C are at their steady state values. The characteristic equation of the
linearized system is:
(67)  A(L) =det(MI-C) = A* = p, AZ + det = 0,

where
P2 = ye WGy - yhwGW,, + veeG™ > 0.
det = det(C) = yryuweH >0. (H=G"WG" - GRG%,)

Define p=\% Then (67) can be written as a quadratic equation:
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(68) pi—pyu+det=0,
which has the solutions
(69) 1 = (1/2){ p2 + [ (p2) - 4det 1* 3> 0

Mz = (1/2){ p2- [(p2)° —4det]* }>0.

The four characteristic roots of C are the following:
(70) M=), A= -(u2)"?  Aa = +()", A= +(ua)'?,

Hence, the number of roots with positive real part, which we shall denominate k(C), is 2.
Furthermore, as long as the discriminant is non-zero, u; > piandall four roots are different:
and they are either all real or two pairs of complex conjugates. Variables w and e are
predetermined, because of wage and price setting by households and domestic sector firms,
respectively, and nominal exchange rate fixing by the Central Bank. On the other hand, the
inflation rates 7ty and 7y are jump variables.® Hence, there is the same number of roots with
negative real parts as there are predetermined variables and the same number of roots with
positive real parts as there are jump variables. Therefore, the equilibrium is saddle-path

stable.

Since G, is in det but not in p. it is readily seen that if G", is sufficiently small, which
amounts to having a sufficiently inelastic labor supply (v’ and v’ small), the discriminant is
positive, and hence the four roots are real. In that case,

(71) O<H2<H1<p2 and 7\,1<}\,2<O<}\,3:-}\12<7\'4:_}\‘1_
The following Proposition gathers the main conclusions:

Proposition A: Under the UFIX regime, the equilibrium is always saddle-path stable. If

labor supply is sufficiently inelastic, the roots are all real.

The fact that the system is saddle-path stable should not lead to unwarranted conclusions.
We have made the strong assumption of perfect capital mobility because it makes the
system considerably simpler. But in the real world, with uncertainty, risk, and the

possibility of having surprise shocks that lead to sudden reversals in capital flows, this

% In section 1V.2 we will consider sticky rates of inflation.
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regime is extremely vulnerable to strong and persistent shocks that lead, via consumption
smoothing, to foreign indebtedness. A persistent strong dollar shock, for example, leads to

a long deflationary adjustment process with recession and unemployment.*

B. The fixed multilateral nominal exchange rate (MFEIX) regime

Knowing the vulnerabilities generated by a unilateral fixed exchange rate system, the
Central Bank has a similar but more prudent and balanced regime at hand based on fixing
the multilateral nominal exchange rate E, at a target level E,.. Operationally, the Central
Bank “fixes” the nominal exchange rate with the dollar at E = p E,. Whenever the dollar
appreciates (depreciates) with respect to other currencies (p increases), the Central Bank
raises (decreases) the nominal exchange rate with the dollar E (pesos per dollar) in the same
proportion. This maintains the external competitiveness of the economy, completely
neutralizing the direct external shock™ that is generated by the international dollar cycle.
Except for this (important) modification, the dynamical system is formally the same as in
the UFIX regime. Since the MRER is still a predetermined variable, we need k(C)=2 for

saddle-path stability. Hence, we have the following Proposition:

Proposition B: Under the MFIX regime, the equilibrium is always saddle-path stable. If
labor supply is sufficiently inelastic, the roots are all real.

C. The pegged multilateral real exchange rate (RFI1X) reqgime

In the two previous regimes, the exchange rate was fixed to a constant target value. It
could, however, have been “pegged” to a moving target value. When the target is the
MRER, however, the target value must necessarily be moving along a path that eventually
leads to the long run equilibrium value of the MRER. If that path does not lead to that
equilibrium value, the model would not have a clearly defined steady state nor a well
defined saddle path that leads there.

10 Escudé (2004) uses the same basic framework as this paper to model the functioning and ultimate collapse
of Argentina’s Convertibility regime. In that paper, the vulnerability is compounded by the assumption that all
trade is with Europe while all foreign debt is dollar denominated (which was closer to Argentina’s situation,
with only 15% of its trade with the dollar area).

1 Note that there may be other shocks indirectly related to the dollar cycle, as the terms of trade or the
international interest rate.
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In this regime the Central Bank purchases (sells) foreign exchange whenever e is below

(above) the target value e:

(72) .R:kR( E—e). (Ez—’OO)

Since we assume that Ry tends to infinity, the Central Bank actually pegs e to its desired
path. As mentioned above, in order to have a steady state it is necessary that the path itself
converge to the steady state value of the MRER (e*). For simplicity, we will assume that the

Central Bank follows a simple disequilibrium correcting rule for the target path.:

(73) é/E:S(e'-E). (s>0)

where s is a positive constant. In practice, this makes the MRERT regime quite different
from the preceding regimes. In the actual (non perfect foresight) world, the requirement
that the path for the target converge to the system’s steady state is very stringent in terms of
information due to the fact that, as we will see below in section IV, the steady state is
dependent on various shocks, even temporary ones. However, in our idealized perfect

foresight world the assumption places no additional informational requirements.

Since the exchange market intervention keeps the actual MRER pegged to the target path,
below we can just as well use e instead of e in the dynamical equation (73). The nominal

rate of depreciation that is compatible with the target path (73) is then:
(74) d=nn+s(e’-e).

The dynamical sub-system under MRERT is hence the following:

(75) e=s(e'-e).

(75b) wiw = W —TTN,

(75¢) v = -yeGT(W, €, T + Ty + S(e-€), T, A p)

(75d)  mw = -yHGY(w, e, r + 1y + s(e”-e), 7, TTw, L p).
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We have inverted the order of the first two equations to stress the decomposability of the

matrix of the linear approximation around the steady state:

—-se 0 0

0 0 -w
_7F(GeP_SGiP) _7FGV|\:/’ _7/FGiP
-74 (G =sG") —74Gy) -7uG)

Cr=

o o = o

Hence, the characteristic equation is:
A(L) = (A + se) (A3 = tr A2 — po - det),
where tr, p2, and det refer to the lower right hand side (3 by 3) sub-matrix of Cg and hence:
(76)  tr=-yeG" >0,
P2 = W(yr Gy - yG"w) >0
det = -w ypyn L < 0. (L=G",G"-G",GY; >0).

One of the roots of Cg is clearly A;=-se°, and is hence negative. The other three roots
correspond to the submatrix with the coefficients of (76). The negative determinant implies
that for this 3 by 3 matrix Kk is either 2 or 0. On the other hand, the positive trace implies
that k cannot be 0 leaving k=2 as the only possibility. Since the remaining root (i;) is
negative, we conclude that Cr also has two roots with positive real part. Hence, we have the

following Proposition:
Proposition C: Under the MFIX regime, the equilibrium is always saddle-path stable.

There are some complementary matters that are worth considering. First, the dynamical
equation for R (72) is a part of the system. When e (and hence €) converges to its steady
state level from above, e” - e = e° - e is negative. Without Central Bank intervention, e
would tend to fall and, hence e — e would tend to be negative. To prevent the real
appreciation beyond the targeted amount, the Central Bank purchases whatever amount of
foreign exchange is needed. Hence, there is a long process of foreign exchange purchases
by the Central Bank, with R converging towards a steady state level that depends on the

targeted path, the deviation from the path and the speed of convergence of the targeted
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path. In the real world, of course, this can be quite costly. If we made a slight change in our
framework by positing a constant (risk) premium p in (7), the government would have an
opportunity cost of holding reserves equal to pR, since it could earn the premium by
reducing more expensive foreign debt. Since R would be growing, this cost would also be
growing. According to our simple fiscal policy, the cost of holding reserves would be
financed through a concomitant increase in t. With perfect foresight, the private sector
would know of this gradual increase in t as soon as the MRERT policy was established and
would adjust A, and hence consumption, to this reality. Aside from this, however, there
would be no impediments to such a policy. Its financial cost that would presumably have to

be weighed against its benefits when the government decided to establish it.

When the currency is overvalued and the Central Bank tries to gradually adjust it to its
steady state equilibrium level, the gradual loss of reserves would eventually deplete them.
But with our assumption of perfect capital mobility this would pose no problem, since the
Central Bank could finance the necessary reserves by borrowing abroad. If we assumed the
possibility of failure of perfect capital mobility because, say, foreign investors
unexpectedly decide to withdraw their credit and recover their loans, then the anticipation
of a limit to the gradual reduction of Central Bank international reserves (with no
possibility of indebtedness) would force a change of policy through the possibility of a
speculative attack against the currency. Hence, under such an assumption of possible
unanticipated sudden capital reversals, a rational Central Bank would calibrate the target

path so that there are sufficient reserves to withstand the whole process of reserve losses.*?

A second related issue is the distributional consequence of a policy of gradually
approaching the long run equilibrium MRER. We have made the simplifying assumption
above that each household is equally benefited by firm profits because the property of firms
is evenly distributed. A more realistic assumption would consist in recognizing that only a
fraction of households earn interest and profits and the rest only have wage incomes. In
such a context, a monetary policy of very gradually approaching the long run equilibrium
MRER from above would have very important distributional effects if the economy is

Domestically Biased (in Consumption in relation to Production), as we will specify in

12 Bofinger and Wollmershaeuser (2001) emphasize the asymmetry with the case of reserve accumulation.
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section IV below. In such economies there is a clear inverse relation between the real wage
o (measured against the consumption basket) and the MRER e. If, say, an external shock
generates an overshooting of e and the Central Bank initiates a policy such as RFIX before
the overshooting has been corrected, with a very gradual reduction of e towards e, the real
wage o=w/e’ will be held systematically below its long run equilibrium level while profit

income will be systematically above. In foreign currency, profits are:
IT/Em = dyx(delw) + [yn(e,r+nnts(e’-e),nn,A; p)le][1-x(nn)] -
- (w/e)L(w,e,r+nnts(e’-e),mn,tw,A; p)[1-X(mw)].

With e systematically above the long run equilibrium level (and hence w below), the export
sector produces with a larger than long run share of real resources because its product wage
is low and, concomitantly, the domestic sector functions with less real resources, even
though the real interest rate in terms of domestic goods is systematically below the
international real rate due to the low rate of nominal currency depreciation. Furthermore,
labor costs are systematically below long run levels because w/e is low. Obviously, such a
policy can well be contested by wage earners (or their representatives) at the union or
electoral levels. Symmetrically, attempting to gradually depreciate the currency in real
terms when it is overvalued implies having the use of resources biased towards the

domestic sector and income distribution biased towards wage earners.

I11.2. The IT monetary regimes

When there is Inflation Targeting, the Central Bank essentially lets the level of the
exchange rate be determined by the market. Therefore, the nominal and real exchange rates
are jump variables. This does not imply, however, that Central Bank actions do not
influence the exchange rate. First, the level of the nominal and real exchange rates can be

influenced by the Central Bank’s policy with respect to international reserves. We assume
that this policy consists in gradually achieving a certain fractional backing b of the money

stock with international reserves.

(77)  R=fe(6m-R)
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Second, the Central Bank influences the exchange rate through its use of the interest rate as
instrument of monetary policy. Here the interrelation between the uncovered interest parity
equation (7) and the Central Bank’s feedback rule is crucial, since it determines, as we
develop below, a linear relation between the rate of nominal depreciation & and the rate of

inflation.

D. The Domestic Inflation Targeting (DIT) regime

has a feedback rule (“Reaction Function” or “Taylor rule) by which it

increases the nominal interest rate whenever the rate of domestic inflation is above a target.

In the case of DIT, when the target is 7y we can write the feedback rule as:
(78) i:r+nN+ﬁ1(nN- 7_'CN) (ﬁ1>0).

Note that we assume that the feedback rule has the “Taylor property” (A, >0), by which the
Central Bank increases the real rate in terms of domestic goods (i-ntn) whenever inflation is
above target. On the other hand, the uncovered interest parity condition (7) implies that the
nominal interest rate is linearly related to the expected (and actual) rate of nominal
depreciation, 8. These two equations together imply that the Central Bank actions are such
that the rate of real depreciation is proportional to the gap between the rate of domestic
inflation and the target rate:

(79) -7 = Ma(nn - Tv).

If, to simplify, we further assume that the target rate of inflation is zero, the Central Bank
must gear monetary policy to make the nominal rate of depreciation proportional to the

current rate of domestic inflation :
(80) & = (M+1)mn.

Hence, under DIT the dynamical subsystem is:

(81) wiw = 1w -7,

(80b) ele= h;mn.

(80c) mn = -yeG'(W, €, r+(A+ 1), 7, A} p)
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(80d) mw = -yuG™(w, e, r+(Artl)mn, TN, Tw, A; ).

where we used (7) and (78) to express i as a (linear) function of ny in the gap functions. As
under the fixed exchange rate regime, we can express the system as in (66). The matrix C,
however, must now be modified to include the partial derivatives of the gap functions with
respect to the interest rate as well as the effect of monetary policy on the rate of real

depreciation:

0 0 -W

0 0 eh,
—yv.GP? —y .G —y.G (h +1

VELy VEGe 7:G (hy +1)
_VHGV\CI _7HGE:N _7HGiW(h1+1)

C|E

o o o s

Upon expansion, the characteristic polynomial of C; is:
A(Q) = det(A1-C)) = A% = trA® = poA? — psh + det,
where:
(82)  tr=-(A+1)yeG'i >0
P2 = W[yeG w- v Gl - AyreGe
ps = -(A+)wyryn L <0
det = -A; we yryn H< 0,

where H and L were defined in (67) and (76), respectively. We prove the following
Proposition:

Proposition D: Under the DIT regime, the equilibrium is saddle-path stable if and only if
the Taylor property holds, i.e. if and only if A, > 0. Also, A,<0 implies indeterminacy of the

equilibrium path.

Proof: We now have one predetermined variable (w) and three jump variables (e, mn, and
nw). Hence, saddle-path stability requires that three of the eigenvalues of C, have positive
real parts. The negative determinant implies that k(C)) is either 3 or 1. In the Appendix we

show that application of the theorem of Routh and Hurwitz to a 4 by 4 system implies that
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k(Ci) = V(1, -tr, -02, -0, det )

where g= p2+ps/tr and gz = pst+tr(det/q;), and the function V(.) is defined as the number of
times there is a change of sign as we proceed from left to right along its arguments.
According to (82), tr>0, ps <0, and det<0. Hence, k = V( +, -, -0, -03, - ). The signs of g,
and g3 are ambiguous due to the presence of p, in g,. Discarding the freak cases in which
one or both of them are zero (which could be eliminated by a small change in A), the only
case in which the number of sign changes along the arguments of V/(.) is 1 (in which case
k=1) is when g, and gz are both positive. In all the other cases k=3. But if g,>0, it is
immediate from the signs of tr, psand det that g3 must be negative. Hence, for any (non-
zero) sign of g, we have k(C;)=3 and, hence, saddle-path stability. As for the second part of
the Proposition, notice that if A; were negative the determinant would be positive. In that
case, k(C)) would have to be either 4 or 2 or 0. Assuming A;>-1, the positive trace would
rule out k=0 and the negative p; would rule out k=4. Hence, a negative A, implies k=2, i.e.

indeterminacy. QED

E. The Headline Inflation Targeting (HIT) regime

Assume now that instead of targeting domestic inflation the Central Bank targets CPI

inflation. Its feedback rule is hence:
(83) i=r+m+hA(n- n) (1, >0).

By (7) and the assumption of a zero target rate of inflation, the Central Bank must ensure

that the rate of nominal depreciation is proportional to the rate of CPI inflation:
(84)  8=(h +l)n=(hy+1) [0 + (1-0)7mn]

where the second equality is obtained by differentiating the CPI index (2). Hence,
(85) & =(h° +1) my, ( h°1 = Al[1-(M+1)0]).

The dynamical subsystem is now:

(86) wiw = ™W —TTN,

(86b)  ele = h° mn.
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(86c) mn = -yeG'(W, e, r+(A°% +1)my, TN, A; p)

(86d) mw = -yuGV(w, e, r+(A% +1)mn, TN, TIw, A} p).

The system is almost the same as under domestic inflation targeting, except that 4°, must
be substituted for A; and A° must be substituted for /4 in matrix C,. The trace, ps, and

determinant of C, are now:
tr = -(A° +1)ye G, ps = (A% +)wyern[GTWG"i - GGl det = -A°; weygryuH.
As before, we assume that the Central Bank’s feedback rule has the Taylor property (A, >0).

If additionally f,<1/6 -1, then A°,>0, which implies a positive trace and negative psz and

determinant. This is the same configuration of signs of the coefficients of the characteristic
equation as we had under DIT, yielding again k=3 and saddle-path stability by use of the
Routh-Hurwitz theorem. The condition is also necessary for saddle-path stability because

both a negative A, (assuming it is greater than —1) and a A, that is greater than 1/6 -1 imply

a positive determinant. But they also imply that tr>0 and p;>0, and hence k=2 and
indeterminacy by the arguments used for DIT. In conclusion, we have saddle-path stability
under HIT if and only if the Central Bank is wise enough to calibrate its reaction function

so that 0</1,<1/6 -1. Hence, we have the following Proposition:

Proposition E: Under the HIT regime, the equilibrium is saddle-path stable if and only if
the following generalized Taylor property holds: 0<f,<1/6 -1. Also, -1< h;<0, or h,;>1/6 -1

imply indeterminacy of the equilibrium path.

The problem with /,>1/0 -1 is that by reacting too strongly to CPI inflation the Central

Bank actually reduces the real rate in terms of domestic goods whenever domestic inflation

rises. From (84), we have:
i -IN =T+ ﬁol TIN-

If 7,>1/0 -1, the Central Bank reaction to increases in the domestic inflation rate are

insufficient to increase the real rate of interest. This highlights the fact that the required

Taylor property concerns the real interest rate in terms of domestic goods. Through the sign
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of the determinant, saddle-path stability requires that a positive relation exist between the
rate of domestic inflation and the rate of real depreciation. And this happens if and only if &
Is greater than nty. An exaggerated response to headline inflation in the Taylor rule leads to
an insufficient increase in the rate of nominal depreciation when there is an acceleration
domestic inflation. The bottom line is that both the coefficient for domestic inflation (A°,)

and the coefficient for headline inflation (A;) must have the Taylor property.

It may be of interest to note that a monetary regime that responds to domestic inflation, as
in the previous sub-section, but also responds (positively) to the rate of nominal

depreciation, is equivalent to the HIT regime. If the Taylor rule were, instead of (78):

i=r+ Mty + A2 8 ( 11>0, h,>0),

where f1, represents a systematic tendency to raise the interest rate whenever the rate of

nominal currency depreciation increases (leaning against the wind), then instead of (85) we

have:

(85’) o= (ﬁol +1) TN, ( ﬁol = (ﬁ;ﬁ'ﬁg)/(l'ﬁg) )

If h°, is positive, this extended DIT regime is exactly analogous to the HIT regime. The
new definition for A°, implies that it is positive if and only if, in addition to A, and A, being
positive, 1,<1. Hence, in this case the generalized Taylor property would be: A;>0, 0<h,<1.

If this holds, for any calibration of a HIT Taylor rule there is a calibration of the extended

DIT Taylor rule that yields the same system, and vice versa.

F. The domestic inflation and real exchange rate targeting (DIRT) regime

Under this extended domestic inflation targeting regime the Central Bank includes the
multilateral real exchange rate gap (with respect to its steady state value) in its feedback
rule for interest rate policy (which we here assume is of the DIT variety). Assuming as

usual a zero inflation target, we define the interest rate feedback rule as:
(87) i:r+TCN+ﬁ1ﬂN+ﬁ2(e—e.) (ﬁl,ﬁ2>0).

Using the uncovered interest parity condition (7), we obtain:
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88) &= (fu+l)nn+ (e —€).

Hence, under DIRT the dynamical subsystem is:

(89) wiw = W —TTN,

(89b)  ele= AN+ e - €°)

(89c) mn = -yG (W, e, r+(Ay+1) N+ (e — &%), TN, A p)

(89d)  mw = -yHGY(w, e, rt(Aut+1)anthz(e — €°), TN, Tw, A p).
»

We must now use the following matrix in place of C in (66):

0 0 - W w

= 0 eh, eh, 0 |
_VFG\S _7F(G;+Giph2) _7FGiP(h1+1) 0
_7/HGVV\>I ~7n (GVV\Y +Giwhz) _VHGiW(hl"'l) 0

The coefficients of the corresponding characteristic equation are now:
(90) tr=ehy- (M+1)yeG"i >0

P2 = -eye [uGe - oGP ]+ W(yr G- 1 G"w)

ps = -Ww{(ArtL)ye L + Ae(ye G eynGYe )} <0

det = -weyryny [AuH + AoL] <O

where H (>0) was defined in section 111.1.A and L (>0) in section 111.1.C.

Notice that if A, and /1, are both positive we have exactly the same configuration of signs

in tr, ps, and det as in the previous IT regimes. Hence, k(Cir)=3 and we have saddle-path
stability:

Proposition F: Under the DIRT regime, the equilibrium is saddle-path stable if the Taylor
property holds (/, > 0) and A, > 0.
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G. The domestic inflation and output targeting (DIOT) regime

Under this extended domestic inflation targeting regime the Central Bank includes the
output gap in its feedback rule for interest rate policy (which we here assume is of the DIT

variety). We now define the interest rate feedback rule as:
(91)  i=r+mn+ M- ) + A, GN(W, e, i, v, A p) (g, A, >0)

where the output gap has been defined in (61). Using the uncovered interest parity

condition (7) and a zero target rate of inflation, we obtain:
(92) 8= (A1) nn+ h GN(w, e, 1+, Ty, A; p)

from which, after making a linear approximation of the output gap around the steady state,
we can obtain 3 as a linear function of the deviations of nty, w and e from their steady state

values:*®

(93)  S=Ann+ Al(e-€") + Az’ (w- W), A= (M+1)I[1-A,GNi]1> 0
fi’= AGN[1-A,GN 1> 0 hy = h,GNy I[1-A,G"i] > 0.

Hence, under DIOT the dynamical subsystem is:

(94) wiw = ™w —TTN,

©O4h)  ele= (AL + fi'(e - ) + i’ (w - W)

(94C) N = -YFGP(W, e, r+ ﬁ’TEN + ﬁz’(e - e') + ﬁ3,(W - W.), TIN, 7\,,]7)

(94d)  mw = -yHGY(w, e, r+ A’y + Ay’ (e - €°) + A (W - W), TN, TTw, X p).
We must now use the following matrix in place of C in (65):

0 0 - W
eh', eh', e(h'-1)
_7F(G;+Giph'3) _VF(GeP+GiPh'2) _7FGiPh'
_7/H(va\y+GiWh'3) _7/H(va\y+GiWh2) _VHGiWhI

Cio=

©o o o =

13 Note that we use the fact that dyn/dmny, valued at my=0, is zero by use of (25) and (57).
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The coefficients of the corresponding characteristic equation are now:
(95) tr=ehy - A’y G >0
P2 = -eye [(A-1)G e + A2’ G"i 1+ WAz (e G- yn GYi ) + (e G"w- 14 G"w ) }
ps = ew{ A2’ (1rG"w- Yr GTw) + 5" (v GTe - yuG™e ) }- wWyey AL
det= -weyeyn{ (W-1)H+ Ay L+ A3’ (GY. G'i- GF. G ) }.
where H and L were defined previously. Using the definitions in (93), we have:
(96)  det [1-A,G"i ] = weyryuf{ (Auth.GN) H + A,[GF I+ GViK] }
ps [1-A,GN 1 = -w{ (Au+L)yeyn L + Aelynd + v K] },
where we define:
J=G" G- G"\ G"e >0, K=GWwG"Ye- GGy .
From (95), we conclude that the determinant is negative if and only if
97) > r[FGHH+GI+GY K =m0
and that ps is negative if and only if
(98)  (Mu+1) > hpe[ynd + ¢ K1/ (ynyel) = A ¥

The sign configuration is now much more complex then in previous cases, but we can draw
some interesting conclusions nonetheless. First, since a negative determinant is necessary
for saddle-path stability, 4, must be sufficiently great in relation to A,, according to (97). In
that case k is either equal to 3 or to 1. Second, if A, is also greater than A, according to (98),
then ps is negative. In that case, we have exactly the same configuration of signs as in the
previous cases of IT and, therefore, saddle-path stability. Hence, we have the following
Proposition:

Proposition G: Under the DIOT regime, the equilibrium is saddle-path stable if the
following generalized Taylor property holds: A; > max(h,Q2, h,¥P-1). Also, Ay > Q2 is
necessary for saddle-path stability under the DIOT regime.
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H. The headline inflation and output targeting (HIOT) regime

Assume now that the Central Bank includes the output gap along with CPI inflation in the

interest rate feedback rule:
(99) i=r+n+ mn+ hGNW, e, i, Ty, A p) (M, M, 20)

Using (7) and linearizing the output gap now yields the following relation between the rate

of nominal depreciation and the deviations of wty, e and w from their steady state values:

(100) S=R'"ny+ A"(e-€°) + hs"(w - W), A= (1-0)(A+1)/[1-6(A+1)-A,GN ],
ﬁQHE ﬁgGNe /[1'e(ﬁ1+1)‘ﬁ26Ni ], 3”E ﬁzGNW /[l‘e(ﬁl‘l'l)'ﬁzGNi ]
The dynamical system is then the same as the one for DIOT, except that we must replace
n”, hy” and hy” for A7, h,” and h3’. The only additional complication arises from the fact
that, in order for (97) and (98) to continue being necessary and sufficient for a negative

determinant and ps, respectively, it is necessary that the denominator in the expressions for

the 7”, h,” and hs” be positive. This places a cap on A, in analogy to the one we had under
HIT except for the fact that now the cap is related to the magnitude of f,: A,<[1-0+A,(-
G";]/6. Hence, we have the following Proposition:

Proposition H: Under the HIOT regime, the equilibrium is saddle-path stable if the
following generalized Taylor property holds: max(f,Q, A,¥-1)< f; < [1-0+h,(-G";]/6.
Also, h, > h,Q is necessary for saddle-path stability under the HIOT regime.

IV. Extensions: the presence of a long rate of interest and inflation stickiness

In this section we make two extensions to the framework we have developed to analyze the
dynamical stability properties of the various monetary regimes we consider. First, we
introduce a long rate of interest in a quite conventional way and illustrate by means of the
DIT regime that it does not alter previous conclusions in a significant way. Second, we
introduce segments of “rule of thumb” firms and households that instead of making costly
price or wage adjustment decisions prefer to simply adjust their price of wage inflation
rates to the overall price or wage inflation rate (that includes both types of firms or

households) in a backward looking way. In this case we use the UFIX regime to illustrate
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that a sufficiently high speed of adjustment of these backward looking rules yields saddle-
path stability.

111.3. Domestic Inflation Targeting in the presence of a long rate of interest

In this section we assume that in addition to the (short) rate of interest that the Central Bank
operationally targets (and is subject to the uncovered interest parity condition), there is a
long interest rate which is the relevant one for households and the government. We use the
DIT regime for illustration but of course the same extension is possible for the other
regimes. For simplicity, we assume that the long rate corresponds to a perpetuity that pays
out one unit of currency each instant. Let S be the market price of this perpetuity. Then the
long interest rate is i, = 1/S. The rate of return on the long bond is the current yield plus the
rate of expected capital gains: 1/S + dlog(S)/dt. By arbitrage (and under risk neutrality) the
rate of return between the short bond and the long one must be equalized. Hence, the
following equality must hold:

1=1/S+§S/S,

or, equivalently, the rate of increase in the long rate must be equal to the spread between

the long and short rates (or slpope of the “yield curve”):

i|_/i|_ = i|_ -i.

Solving this differential equation yields the long rate as a function of the expected future
path of short rates:
B 1

JE— .
{fe_i“s’dsdf}

On the other hand, the dependence of demand on financial conditions is now given by the

function f(i., g), where the long rate is substituted for the short rate.

The Taylor rule (77) and uncovered interest parity (7) both pertain to the short rate and
again yield the necessary nominal depreciation in terms of the rate of domestic inflation
(79) and the real rate of depreciation (80b). Consequently, the dynamical system for the

DIT regime with long rate is now of dimension 5:
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(101) wiw= nw -nN,

(101b) ele = h;my.

(101c) nn = -yeG (W, e, iL, 7N, A; p)

(101d) nw = -yGV(w, e, iL, Tn, Tw, A} p).

(1018) i|_/i|_ = i|_ bl (fl,l'i'l)TEN.

Linearizing around the steady state yields system (66) with x" = (w, e, ©tn, 7w, i)' and

matrix Cy.:
0 0 —-W
0 0 he
C= _VFGvs _VFGeP 0
_7HGvVvv _7/HG«\3N 0
0 0 —r(h, +1)

The characteristic polynomial of C_is:
AQ) = A° = tri* = poa® = pah? = pa - det,
where:
(102) tr=r>0
P2 = “Ye[Au(€GFe - rG™)- (WG w# rG)] - yuwG"y,

ps = r{ AyyreG’e - W[yeG w - yHG w1}

w
0
0
0
0

Pa = YryaW [AueH - (A+)r(GRuG"i - GMWG") 1> 0

det = -Ay ryryn we H < 0.

We have the following Proposition:

_7/FGi
_7HGi

P

w

r
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Proposition J: Under the DIT regime with a long rate of interest in addition to the short rate,
the equilibrium is saddle-path stable if and only if the Taylor property holds, i.e. if and only
if A, > 0.

Proof: Since the long rate must be a jump variable, along with e and the two inflation rates,
we need k=4 for saddle-path stability. The negative determinant implies that k(C,._) must be
either 4, 2 or 0. The positive trace implies that k cannot be equal to 0. Hence k must be
either 4 or 2. We now prove k(C,.) is indeed equal to 4. According to the theorem of

Routh-Hurwitz in the 5 by 5 case (see the Appendix),
K(Ci) = V(1, -tr, -02, -03, -0, -det ) O2= p2+psftr,
gs = ps3 - [tr ps +det]/qz Qs = P + det/tr - [g2 det]/qs

From (102) it is readily seen that g, = (A.+1) yeG'i < 0. Hence, k(Cy) = V( +, -, +, -0, -Ga,
+). There is a minimum of two changes in sign as we proceed from left to right along the
arguments of V/(.). Hence, as long as gs; and g4 are not both negative (nor zero), k must be
equal to 4. We now prove that this is indeed the case by showing that a g3<0 implies q4>0.
From (102) we obtain ps + det/tr = -yeyuw (A+1)(GTwG"i - GPiG™,)>0. Since g, det is
positive, the formula for g4 above implies that if q3<0, then g,>0. Hence, as long as g is
different from zero, g,>0, which yields k=4. The Taylor property (A,>0) is again necessary
for saddle path stability because a negative /A, turns the sign of the determinant positive,

which means that k can only be equal to 5, 3, or 1. QED.

IV.2. Introduction of backward looking “rule of thumb” price and wage setting

The framework developed above is too forward looking to be realistic. It is well known that
the data confirm that there is not only price level inertia but also inflation rate inertia (cfr.
Fuhrer and Moore (1995), Roberts (1997) and Gali and Gertler (1999)). In this section we
show one way in which the above framework can be modified to handle inflation inertia.
Assume that along with the continuum of domestic sector firms that are completely forward
looking in adjusting prices there is another continuum that is composed of completely
backward looking monopolistic competitors that, instead of making costly decisions for

price changes, smoothly adjust their inflation rates towards the average inflation rate.
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Symmetrically, assume that there is a continuum of households that is backward looking in
the same sense. We take the UFIX (or MFIX) regime to illustrate.

In this section we make a slight change of notation for forward looking firms’ and
households’ price and wage levels and inflation rates to Pns, Ws, 7tnf, and mws, and introduce
the price and inflation rates of backward looking firms as Pyp and mtnp and the wage and
wage inflation rates for backward looking households as Wy, and . Assume that a
fraction oy of firms and o of households are forward looking. The price and wage indexes

that include both forward and backward looking agents are hence:
(103) Py = (Pne)™ (Prn) ™.
(104) W = (Wp)™ (Wp)- v,

We assume that the backward looking firms and households adjust their inflation rates

according to:

(105) 7o = Cn(mn - i) = Eno (Tong - i) (0<an<1,in>0)

(106) TTwh = Cw(nw - ﬂWb) = CWOCW (an - TCWb) ( 0<Otw<1, Cw>0 )

The second equalities are derived from the time derivatives of (102) and (103). When the

first two equations of (65) are modified accordingly, the system becomes:

(107)  wiw = aw ws + (1-aw) Tws — on Ttne — (L-0in) 7o,

(107b) ele= — ON TINF — (1-OL|\|) TND-

(107¢)  mng = -yeGT(w,e,mnr,A)

(107d)  mwr = -yuG"(w,e,mrTwe )

(107e) 7mnp = Cnon (Tong - TTnb)

(107f)  mwp = Cwow (Twr - Twn).

This system can again be represented as in (66) by defining:
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and replacing matrix C by the expanded matrix F:

X" = (W, €, TN, Twf, TTp, Twb ) s

0 0 -Wa, Wa,
0 0 —eay 0
~7:eGy —7eGS 0 0
~74Gu ~74Gy 0 0
0 0 dnan 0
0 0 0 Sy

The characteristic polynomial of F is:

where:

(108)

tr = -(Enont+Ewaw) <0,

P2 = anA+ow(B+Cnonaw),

Pa = oo {EFEHIA+B] - yryn We H},

Ps = -(Cn+Cw) anouwyryn we H < 0,

det = YEYH OLNOLWgNCW we H > 0.

-w(l-ay)
—e(l-ay)
0
0
—Cnay
0

AQ) = A8 = trk® — pod* — psi® — pad? — psh + det,

AE'YF (WG Pw+eG Pe) y

P3 = anyr(Entowaw)A + awyr(EnontCEw)B > 0,

BEYHW('GWW)

The two new variables, mnp abd mwy, are predetermined variables. Hence, the real parts of

the two new characteristic roots should be negative and we must have k(F)=2 for saddle-
path stability, as we did under the UFIX and MFIX regimes.

We now prove the following Proposition:

Proposition K: Under the UFIX regime, given the proportions of forward looking firms and

households a, aw, if the speeds of adjustments of backward looking firms and households

Cn, Cw are sufficiently high, the equilibrium is saddle-path stable.
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Proof: The positive determinant implies that k(F) must be either 6, 4, 2 or 0. The negative
trace excludes k=6, and the positive ps (which equals the sum of all triple product of the
roots) excludes k=0. Hence, we are left with only k=4 and k=2 as possibilities. The 6 by 6

version of the Routh-Hurwitz theorem (Appendix) shows that k(F) is:
k(F) = V(1, -tr, -0z, -Gs, -0, -s, det ).
G2 = P2+paftr, Gz = P3- [tr ps + ps]/a2
Oa = Pa + Ps/tr - [0z ps + tr det]/gs s = ps + [tr det]/q. + [gzdet])/qs
Using (108) it is readily verified that:
A2 = -{ [Enow/(Cnom+Cwonw)1(L-an) A+ [Cwonw/ (Snom+Gwon) ] (1-ouw) B+CnainGwon }<O.

Hence, we have the following residual sign pattern: k(F)=V(1,+,+,-03,-04,-0s,*). The signs
of qs, g4, and gs are ambiguous. However, it is clear that only under the particular
combination of signs g3>0, g4<0, and gs>0 will k be equal to 4. In all other cases k(F)=2.
We now prove that if {y and Cw are sufficiently large, given an and o, then g3<0, which
implies that k=2. Without loss of generality, we assume in the following the simpler

symmetric case in which an=aw=a and {n=Cw=C. Then

s = 2a{ (1+a)® - af(1-a)y’ewH+2al’0)/[(1-0)d+a’?] },
where @ = (A+B)/2>0. Hence, g3 is negative if and only if the following inequality holds:
(109)  (C*®)a? + (yewH -®?)a - B? > 0.

This is a quadratic in-equation in a.. Given ¢, if a is sufficiently low, then the inequality
does not hold, qs is positive, and we cannot be conclusive with respect to k(F) without

consideration of the remaining g;. On the other hand, given any value of a, if
£ > [@% + (D? - yewH)o]/Da

then the in-equation holds, g3 is negative and k(F)=2. QED

V. The steady states of the dynamical systems

The steady state values of ty and mw are zero by assumptions on monetary policy. The

steady state values of w, e and A must be obtained simultaneously by the zero pricing gaps
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G"=0, G"=0, and the intertemporal balance of payments equation (63). From the first two
(and the zero steady state values of the inflation rates) we can obtain w and e as functions
of A and the exogenous parameters. These functions are common to all the dynamical
systems. These steady state values are determined simultaneously with the equilibrium
paths of these variables. First we obtain the paths of w and e as functions of time, A the
exogenous parameters, and the pertinent initial values. Inserting these paths in (63), along
with the specification of the monetary regime, gives an equation in A that determines the
constant equilibrium value of that variable, and hence the steady state values of w and e as
well as the equilibrium paths for these variables. Under the UFIX and MFIX regimes, for
example, subsystem (65) gives the paths of w, e, my and my as functions of time, A, and the
initial values of w and e. Inserting these paths in (63) gives the expression that determines
the equilibrium value of A. Under the DIT regime, subsystem (80) gives the corresponding
paths as functions of time, A, and the initial value of w. In this case, e is also a jump
variable (as my and mw) and hence, its initial value is irrelevant. The procedure is analogous

for the other monetary regimes.

In all the dynamical subsystems the steady state conditions that w, e, y and my be constant

boil down to the following equations:
(110)  ppw z(yn(e, A5 1, g))) = 1 (G"=0)
(111)  [uwe/aw] v’(L(w, e, A; 1, ¢, g)) = 1, (GY=0)

where for ease of notation we have omitted from the functions yy and L the argument i
(because it is constant at r in the steady state) and the arguments nty and mtw (because they
are zero in the steady state). Instead of working with these conditions for obtaining the
steady state as described above we will use the equivalent market clearing conditions in the
domestic goods and labor markets we now derive. From (108) and the definition of z(.) (in
(30)) we obtain the labor cost minimization condition in the domestic sector:

(112)  FN'(Ln(eA; T, g)) = peW
which implies:

(113)  Ln(e; 1, g) = (Fn') ™ (upw) = La"(pw).
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The last term is the definition of the domestic sector’s labor demand function in the
benchmark flex-price economy where price and wage adjustment costs disappear.

Furthermore, combining (57), (58) and (112) in the steady state, yields:
(114)  (1-0)kz f(rg)n ™ ™ = Fy(Ln"(new)) = yn"(uew), (k2=1c2"")

where the last expression is the definition of the domestic supply function in the benchmark
economy. The left hand side of (114) is actual domestic output, while the right hand side is
“potential” (or “natural’”) domestic output, the one that prevails when there are no price or
wage adjustments (nor associated costs). Hence, (114) is the zero domestic output gap
condition:

(114’) GMw,ex;r, g)=0.

On the other hand, using the zero wage gap condition (111) and the definition of total labor
requirements (60), the labor market clearing condition is:

(115)  Ln(eX; r.g) + Lx(wide) = (v)™* (Awlepw) = L(Aw/euw).

where the last term defines the labor supply function. This expression reflects the steady
state labor market clearing. Using (113), which was derived from the zero domestic price

gap condition, yields a simpler steady state labor market equilibrium condition as:
(116)  Ln"(upw) + Lx(W/de) = L(AW/uwe).
We may call this equation the zero labor gap condition:
(116°) G-(w,e,x; ¢) =0,
if we define the labor gap as:
G-(w,e,1;0) = La"(upw) + L(W/de) - L(Aw/epw).

Conditions (114) and (116) (or (114’) and (116°)) constitute a pair of steady state
conditions that give the long run equilibrium values of w and e, as functions of A and the
values of exogenous parameters such as ¢, r and g. They represent long run market
equilibrium conditions (for domestic goods and labor, respectively) and are derived from
the zero price and wage gap conditions that define the system’s steady state. We now derive

the partial derivatives for w and e with respect to A and the exogenous parameters, and then
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consider the determination of the equilibrium value of A and its response to exogenous
shocks. Only then will we be able to obtain the long run multipliers of w, e, A, and d with

respect to the exogenous parameters.™*
Define the following elasticities and the auxiliary expression N:

(117) & =-(e/w)/(Owlde)=[ LM (uwe)-Lx’/oe]/[ L M(uwe)-Lxlde—(Ln") el e (0,1).

een= Ln"Fn'/Fy el = -HpwWLy™ /LN
eis= L'(Wp)wie)[ Luw] &=leLs LV[etnln"]
e = -(1I())I(ofr) erg = -(g/f())/(0f10g)

N=1-0+c0+ceneln (1-8) >0,

¢ is the elasticity of the domestic sector product wage w with respect to e along the labor
market clearing condition, gy is the elasticity of output with respect to labor in the
domestic sector, ¢y is the elasticity of labor demand in the domestic sector of the
benchmark economy, ¢ s is the elasticity of labor supply, & is derived from the last two and

efr and egq are the elasticities of f(r,g) with respect to its arguments.
Tedious calculations show that the partial derivatives (in log form) are the following:
N(\/e)(0e/oN) = 1+ e eLn €€ > 0,
N(¢/e)(0eldd) = -o e eLn (1-€-€E) < 0,
N(r/e)(oelor) = ce >0,
N(g/e)(0elog) = -oerg <0,

N(A/w)(ow/oL) = 1-g-e£(1-6+c0) > 0 if & is small,

¥ A note of caution is in order with respect to the interpretation of the long run multipliers with respect to r.
The existence of a steady state requires that r and B be equal. Hence, any change in r must be accompanied by
an equivalent change in . This should not be interpreted literally and one must remember that the assumption
of perfect capital mobility is hardly realistic. Turnovsky (2000) shows alternative and, in some cases, more
realistic assumptions. In particular, Bhandari, Ul Haque and Turnovsky (1990) assume that there is an
endogenous risk premium that is dependent on the foreign debt. This leads to a dynamic equation in & as in
(50d), except that r becomes an increasing function of d. The marginal utility of wealth is then no longer
constant along the equilibrium path and the dynamical system has an additional dimension. In our case this
would complicate matters considerably so we prefer to stick to the perfect capital mobility assumption.
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N(d/w)(ow/od) = (1-g-g€)(1-6+06) > 0.
N(r/w)(owl/or) = (1-g)oeq >0,
N(g/w)(owldg) = -(1-g)oerg <O.

If labor supply is sufficiently inelastic (which we assume) all eight multipliers have
unambiguous signs. An increase in the marginal utility of wealth or in the international
interest rate have the effect of increasing both e and w. The same effect is produced by a
reduction in government spending. And an increase in the terms of trade decreases e and

increases w.

It is also of some interest to derive the long run effects on the real wage from dw/m = dw/w

- Bde/e (which is implied by o=w/e”) and the above expressions yielding:
N(AM®)(0w/OL) = -[e+0-1+00eE(1+o eren)] <O if e+0>1,
N(¢/®)(0w/od) = (1-g-€£)[1-6+50(1+c epen)] > 0
N(r/w)(0wlor) = (1-e-0)cey <0 iff e+6>1,

N(g/w)(0w/og) = -(1-e-6)cerg > 0 iff e+6>1.

The effect of an increase in A on the real wage is ambiguous in general. It is negative if and
only if 1-0 < [1+c&(1+ern en)]/[(1/e)+o&(1+ern eLn)]. The latter condition essentially
states that the elasticity of the domestic sector product wage w with respect to e along the
labor market equilibrium condition (g) is sufficiently large in relation to the share of
domestic goods in consumption (1-6). An increase in e generates an increase in labor
demand in the export sector and a fall in labor supply, requiring a fall in the product wage
in the domestic sector that sufficiently diminishes labor demand to maintain equilibrium.
The increase in e also generates an increase in the relative demand for domestic goods in
relation to imported goods, which tends to increase labor demand by the domestic sector.
Hence, the condition for a negative effect of A on ® requires that the first effect is
sufficiently large in relation to the second. We call Domestically Biased Economies (DBES)

(in production relative to consumption) those economies where £>1-0.*> Hence, under the

1> This condition is studied extensively in Escudé (2004).
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assumptions of a relatively small £ and a DBE, an increase in the marginal utility of wealth
A increases the long run values of both w and e, while it reduces the long run value of ®. A
necessary and sufficient condition for either an increase in g or a fall in r to increase the
real wage is that that we have a DBE. This condition is also sufficient for an increase in A
to reduce w. Also, an increase in the terms of trade ¢ unambiguously increases the real

wage.

To obtain the long run multipliers we need the balance of payments equilibrium condition
in its intertemporal formulation (63), which depends on w, e, i and A. There are several
possible specifications for the nominal interest rate i, corresponding to the four possible
monetary/exchange rate regimes. Each of the regimes yields a distinct specification for the
intertemporal balance of payments equilibrium condition (63). To illustrate, let us take the
logarithmic utility case (o=1). In the UFIX (or MFIX) regime, (63) reduces to

o0

(118) eKlf(r,O)/x:r{J0 dyx(dew)e™ ds - dy }.

This expression shows total consumption of imports (including those used up in
transactions) as the international interest rate (which equals the discount rate () times the
country’s net wealth, which itself is the present value of future exports net of the initial
foreign debt . Whenever a shock reduces the country’s net wealth, the consumption of
imports, and hence all consumption, must fall in the same proportion to comply with
intertemporal solvency. Hence, the marginal utility of wealth A must increase sufficiently to
reduce the constant foreign currency value of imports. A permanent fall in the terms of
trade, for example, reduces the value of future exports and hence A must increase. Then the
total long run effect on e is given by the sum of the direct increase through the direct partial

derivative above and the indirect increase due to the increase in A.

Under the IT regimes the corresponding expression is somewhat more complicated due to
the dependence of the policy instrument i on the domestic inflation rate. In the case of DIT,
for example, we have instead of (118):

(119) 6K/ = {fo [f(r+Any,0) €™ ds }'1{fO [dyx(pe/w)e™ ds - do }.
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Summing up, in the general case (for ) the conditions for the steady state values of the
endogenous variables e, w, and A, are (114), (116), (63) and (in the case of IT) the
corresponding specification of the interest rate feedback rule. Notice that the complete
paths of the endogenous variables are determined simultaneously.

It is important to emphasize that the monetary regime in place has an incidence on the long
run effects of shocks. The exogenous variables whose long run effects we are mainly
interested in are the international value of the dollar p, the terms of trade ¢, the
international interest rate r, and government spending g. Except for p, the remaining
variables figure explicitly in at least one of these equations. Although dollar strength p does
not figure explicitly, it is within the definition of the MRER (1). And the nature of its
impact, medium and long run effect is heavily dependent on the exchange regime. Under a
UFIX regime, for example, a strong dollar shock (whether it be permanent or temporary)
has the impact effect of immediately producing a real appreciation of the peso, and a
concomitant loss in output and employment, which under perfect capital mobility is
financed with debt. These effects, which are a consequence of price and wage stickiness,
reduce private sector wealth and require an immediate increase in A, thus increasing the
long run values of e and w and reducing the long run real wage (assuming we have a DBE).
The UFIX regime generates a perverse impact effect because it reduces e and increases ®
while the long run effects are exactly the opposite.™ In contrast, under the MFIX and any of
the IT regimes, the rise in p produces an immediate nominal depreciation of the peso that
exactly compensates for the effect of p on e. The vagaries of the international value of the
dollar are completely compensated, either by the choice of the basket of currencies in the
MFIX regime, or by the floating exchange rate in the IT regimes. Hence, there is no loss of
output, employment or wealth. In fact, under these regimes an increase in p has no effect at
all on the economic system! Under the RFIX regime, the impact effect of an increase in p
on e is the same as under the UFIX or MFIX regimes. However, since this is a regime in
which the government is specifically interested in the dynamic path of the MRER, the
Central Bank has the ability to adopt compensating actions to completely cancel these

18 This is studied extensively in Escudé (2004) as an explanation for the devastating effects the increasingly
strong dollar experienced since 1995 had on Argentina’s Convertibility regime.

53



effects. In the case of an increase in p, for example, the Central Bank could instrument a
one time devaluation that cancels the unexpected appreciation and then continue with its
previous policy.

I11. Conclusions

This paper has studied the dynamic stability of various monetary/exchange regimes in a
small open monetary economy under perfect capital mobility and perfect foresight in which
there is price and wage stickiness. There are two productive sectors: a monopolistically
competitive domestic sector and a competitive export sector. A continuum of households
supply differentiated labor services and set wages, consuming domestic and imported goods
and having a transactions technology by which holding money reduces costs. Both firms in
the domestic sector and households set prices and wages, respectively, by inter-temporal
optimization subject to price or wage inflation adjustment costs.

Eight monetary regimes are considered within the same general framework, classified
according to whether the MRER is a predetermined (FIX regimes) or a jump variable (IT
regimes). In the FIX regimes the Central Bank uses exchange market interventions as its
sole policy instrument. The UFIX regime is a fixing of the nominal exchange rate with the
dollar, the MFIX is a fixing of the nominal exchange rate with a trade-weighted basket of
currencies, and the RFIX is a monetary policy that fixes the MRER to a target path that
converges to the long run equilibrium MRER. We find that the three FIX systems are
unequivocally saddle-path stable, with the two inflation rates being jump variables and the
MRER and w predetermined variables. The UFIX regime is particularly vulnerable to real
dollar shocks because of its intrinsic asymmetry. Although the RFIX regime requires that
the Central Bank have precise information on the steady state value of the MRER in order
to be able to design its Taylor rule, this is no problem in our framework due to the perfect
foresight assumption. A long period of gradual adjustment in the MRER towards its long
run equilibrium has important income distribution consequences, especially in a
Domestically Biased Economy (DBE) in which the MRER and the real wage are inversely

related. Also, there is a long process of international reserve accumulation or reduction.

In the five IT regimes the Central Bank uses as instrument the nominal interest rate through

a feedback rule and gears its intervention policy to gradually achieve a certain backing of
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the stock of money with international reserves. The IT regimes differ according to what
endogenous variables the Central Bank react to: the domestic inflation rate, the headline
inflation rate, the domestic inflation rate and the MRER, the domestic inflation rate and the
output gap, and the headline inflation rate and the output gap. All these IT regimes require
that the coefficient on the targeted inflation rate satisfy some form of “Taylor property”.
These become successively more restrictive as headline inflation, the MRER or the output
gap are included. In all these IT regimes we found necessary and sufficient conditions for
saddle-path stability. However, in the DIOT and HIOT cases they were extremely
complicated so we concentrated on more easily interpretable sufficient conditions for
saddle-path stability.

Two extensions are made to the basic framework: the inclusion of a long interest rate, and
the inclusion of backward looking “rule of thumb” firms and households, each considered
for only one of the monetary regimes. We find that the DIT system with a long rate is
saddle-path stable if and only if the basic Taylor property holds, without placing any
additional requirement than in the basic framework. We find that the UFIX (or MFIX)
regime with “rule of thumb” firms and households is saddle-path stable if, given the
proportion of these backward looking agents, the adjustment of their respective inflation
rates towards the overall inflation rate is sufficiently fast.

Appendix 1: The Routh-Hurwitz theorem

The Routh-Hurwitz criterion gives necessary and sufficient conditions for all the roots of a
real polynomial to have negative real parts. However, Routh and Hurwitz obtained a much
more powerful theorem that gives the exact number of roots with positive real parts.
Gantmacher (1977) provides an excellent reference for the statement and proof of this
theorem.'” We use this theorem in the text to determine the number of eigenvalues with
positive real part k(A) of square matrices of dimensions 4, 5, and 6. We here apply the

Routh-Hurwitz theorem to these cases but show the 4 by 4 case with more detail.

The characteristic polynomial of a 4 by 4 real matrix A is:
A(L) = det(L-A) = A% - pid® - p2AZ - pa) + det.

7 Cfr. Gantmacher (1977), Volume |1, Chapter XV.6.
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where the coefficients ps are functions of the elements of A. To obtain the number of roots
of A(L) in the right-half of the complex plane (i.e. with positive real parts) one first forms
the following Hurwitz matrix H with the coefficients of the characteristic polynomial:
—-tr —p, O 0

1 —-p, det O

0 —-tr —-p;, O

0 1 —p, det

The first row contains the coefficients of the odd powers of A followed by zeros; the second
row contains the coefficients of the even powers of A followed by zeros; the third and
fourth rows repeat the first and second, respectively, after an initial zero. Now obtain the
Routh matrix R by successively: 1) subtracting from the second (fourth) row 1/-tr times the
first (third) row, 2) subtracting from the third row of the resulting matrix, -tr(A)/(-g2) times
the second row, where gy= p,+pa/tr, and 3) subtracting from the fourth row of the matrix
resulting from 2), the third row multiplied by -q./(-g3), where qz = ps+tr(det/g,). In each
step, the operation on the rows of the matrix are designed to convert H to the upper
diagonal Routh matrix R:
-tr -p, O 0

0 -qg, det O

0 0 -9, O

0 0 0 det

R =

According to the theorem, assuming the non-singular case in which none of the elements in
the main diagonal of R is zero (in which case the determination of k is somewhat more
complicated and can be found in Gantmacher (1977)), k is given by:
(Al) k(A) =V(1,-tr, -qz, -qs, det)

Q2= p2tpsftr, 03 = psttr(det/qy).
where the function V(.) is defined as the number of times there is a change of sign as we
proceed from left to right along its arguments which, after the initial 1, are the elements of

the main diagonal of R.

When the system matrix A is 5 by 5, the characteristic equation is:
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A(L) = A% —trd? — pod® — psh? — pai - det.

A procedure analogous to the one developed above for the 4 dimensional case yields the

following Hurwitz and Routh matrices:

[—tr —p, —-det O 0 —-tr - p, — det 0 0
1 -p, -p, O 0 0 -9, —(p,+det/tr) O 0
H= 0 —-tr —-p, —det O |; R=| 0 0 -0, —det O
0 1 -p, -p, 0 0 0 0 -q, 0
0 0 —tr -p; —det | 0 0 0 0 —det]
gz = p2tpaltr, gs = ps - [tr p4 +det]/qz Qs = P4 + det/tr - [g2 det]/qs

Assuming again that none of the elements in the main diagonal of R are zero, the theorem
of Routh-Hurwitz says that the number of roots with positive real part is given by
(A2) k(A) = V(1, -tr, -0z, -0s, -04, -det ).
When the system matrix A is 6 by 6, the characteristic equation is:
A(L) = A% —trd® — poAt — psh® — pad? — psh + det.

Carrying out the same procedure as in the previous cases, k(A) and the main diagonal

elements of the resulting Routh matrix are:

(A3) K(A) =V(1, -tr, -0, -Ga, -G, -0, det ).

2= patpaltr, O3 = Ps- [tr ps + ps)/a2
Qs = Pat+ psftr - [z pst tr det]/qs gs = ps + [tr det]/g2 + [q3 det]/q4
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